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MOTIVIC HOMOTOPY OF GROUP SCHEME ACTIONS
AMALENDU KRISHNA, PAUL ARNE ØSTVÆR
Abstract. To smooth schemes equipped with a smooth affine group scheme
action, we associate an equivariant motivic homotopy category. Underlying our
construction is the choice of an ‘equivariant Nisnevich topology’ induced by a
complete, regular, and bounded cd-structure. We show equivariant K-theory of
smooth schemes is represented in the equivariant motivic homotopy category.
This is used to characterize equivariantly contractible smooth affine curves and
equivariant vector bundles on such curves. Generalizations of the purity and
blow-up theorems in motivic homotopy theory are shown for actions of finite
cyclic groups.
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1. Introduction
In this paper we develop motivic homotopy theory of smooth affine group scheme
actions. We show the main results in the pioneering work of Morel-Voevodsky on
motivic homotopy theory [24] generalize to the equivariant setting, e.g., the purity
theorem for Thom spaces, the blow-up theorem and representability of K-theory.
A major motivation for motivic homotopy theory of group actions is to construct
a convenient setting for equivariant cohomology theories on the category of smooth
schemes with a group action. For the group of order two, the most important
examples are Real algebraic K-theory, Real motivic cobordism [16], and a Bredon
type theory of equivariant motivic cohomology [13]. We complete these results by
representing equivariant K-theory of group actions, as introduced by Thomason in
the mid 1980’s [30]. By considering actions by the multiplicative group scheme Gm
and its subgroup schemes µn of sheaves of roots of unity, our results point towards
an algebro-geometric version of S1-equivariant homotopy theory [11].
As for the trivial group, every equivariant A1-homotopy equivalence becomes an
isomorphism in the equivariant motivic homotopy category. This basic observation
implies the same result holds for every equivariant vector bundle, by patching of
equivariant A1-homotopies on a Zariski open covering. Recall that for an algebraic
group G over a field k, a G-equivariant vector bundle V over a k-scheme X with
G-action is trivial if there exists a G-representation V such that V = V ×k X . For
G a finite cyclic group, representability of equivariant K-theory allows us to show
that every G-equivariant vector bundle on an equivariantly A1-contractible smooth
affine curve is trivial. It is an open question (even when G is trivial) whether the
same result holds in higher dimensions, starting with surfaces.
We relate the equivariant motivic homotopy category HoGA1(k) to other existing
settings for homotopy theory. For example, there is a naturally induced adjunction
between HoGA1(k) and the motivic homotopy category HoA1(k) corresponding to
the trivial group. When the base scheme is the complex numbers, taking complex
points furnishes a ‘realization’ functor to the equivariant homotopy category of
topological spaces equipped with an action by the complex points of G. Under
base change the corresponding equivariant motivic homotopy categories are related
by standard adjunctions. These and many other functorial properties deserve
a thorough treatment using cross-functors in the sense of Voevodsky, following
Ayoub’s work [2], which is somehow beyond the scope of this paper.
Our main results can be summarized as follows. We leave precise statements to
the main body of the paper.
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Theorem 1.1. Let G be a smooth affine group scheme over a field k. Denote
by SmGk the category of separated finite type smooth k-schemes equipped with a
G-action. Then we have the following.
(1) The equivariant Nisnevich topology on SmGk is given by a complete, regular
and bounded cd-structure.
(2) The category of simplicial presheaves on SmGk admits local and motivic
model structures in which the local weak equivalence is determined by the
equivariant Nisnevich topology and the motivic weak equivalence is governed
by equivariant vector bundle projections.
(3) The equivariant algebraic K-theory of smooth G-schemes is represented in
the equivariant motivic homotopy category. Motivic weak equivalences be-
tween smooth G-schemes induce isomorphisms on equivariant K-theory.
(4) If k is infinite and G is a finite cyclic group, all equivariant vector bundles
on an equivariantly contractible smooth affine curve are trivial.
(5) If k is algebraically closed and G is a finite cyclic group of prime order, the
purity and blow-up theorems for closed immersions of smooth G-schemes
hold in the equivariant motivic homotopy category.
Herrmann [14, Proposition 3.5.4] proved that equivariant K-theory cannot be
represented in the equivariant motivic homotopy category for the intermediate
Nisnevich topology (see § 2.3.1), which follows a construction common in topology
by defining weak equivalences via fixed point loci of all subgroup schemes. This
approach to equivariant motivic homotopy theory is intuitively very clear and
works well in many aspects, but alas does not mesh well with cohomology theories
such as equivariant K-theory. Our representability theorem is in some sense made
possible by the fine differences between equivariant Nisnevich topologies, cf. § 3.
Related works: The first version of this paper was written in 2011 and several
related papers have appeared during its hiatus period. The subject of motivic
homotopy of group actions can be traced back to Deligne’s lecture notes [7] em-
phasizing the role of quotients by finite group actions in the Rost-Voevodsky proof
of the Bloch-Kato conjecture. Hu-Kriz-Ormsby [16] used the equivariant Nisnevich
topology to introduce Real algebraic K-theory and Real motivic cobordism for the
group of order two. Herrmann [14] worked out an unstable and stable equivariant
motivic homotopy theory based on fixed points using the intermediate Nisnevich
topology, cf. § 2.3.1. An alternate construction carried out by Carlsson-Joshua
[5] allowing for actions of discrete groups is bootstrapped for solving Carlsson’s
conjecture relating K-theory of fields to representation theory. A Bredon style
motivic cohomology theory related to Real algebraic K-theory and equivariant
higher Chow groups was introduced by Heller-Voineagu-Østvær [13].
Brief Outline of the paper: We describe the equivariant Nisnevich site on SchGk
in § 2 and give a comparison of this site with other known equivariant topologies.
A cd-structure on the equivariant Nisnevich site and several of its consequences
are described in § 3.
In § 4, 5 and 6, we work out the model structures on motivic G-spaces based
on the equivariant Nisnevich topology and Bousfield localization with respect to
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the affine line A1. A comparison with the motivic homotopy category and certain
base change properties are investigated in § 7. Proofs of the equivariant purity
and blow-up theorems occupy § 8 and 9. Finally, we prove representability of
equivariant K-theory, and derive an algebraic analogue of Segal’s theorem in § 10.
Generalizations: One may observe that the equivariant Nisnevich topology can
be defined over any noetherian base scheme S using the cd-topology defined by
the distinguished squares (3.3). Proposition 3.2 remains valid in this set up. The
results of sections 4-7 and 10 also generalize mutatis mutandis.
2. The Nisnevich site for G-schemes
Let k be a field and G a smooth affine group scheme over k. Recall that the
identity component G0 of G is a normal closed subgroup of G which is smooth
over k. Moreover, the quotient G is a finite e´tale group scheme over k. We shall
assume throughout this text that G is a finite constant group scheme over k.
Let Schk denote the category of separated schemes of finite type over k and let
Smk denote its full subcategory consisting of smooth schemes over k. A scheme
in this paper will mean an object of Schk and the scheme X × Y will mean the
fiber product of schemes X and Y over k.
Let SchGk (Sm
G
k ) denote the category of (smooth) separated schemes of finite
type over k which are equipped with a G-action such that maps between two G-
schemes are G-equivariant and commute with the structure maps to Spec (k). In
particular, an object of SchGk is a pair (X, µX) such that X ∈ Schk and there is
an action map µX : G×X → X which satisfies the usual axioms of group actions.
A morphism f : (X, µX) → (Y, µY ) is a morphism f : X → Y in Schk such that
f ◦ µX = µY ◦ (idG× f). A scheme X can be viewed as a G-scheme via the trivial
action, in which case we write it as the pair (X, tX). In this case, tX is nothing but
the projection map tX : G×X → X . This yields a full and faithful embedding
(2.1) ιk : Schk → Sch
G
k ; X 7→ (X, tX)
of categories.
2.1. Stabilizer subgroups for G-actions. Let Top denote the category of topo-
logical spaces and for a given topological group G, let TopG denote the cate-
gory of topological spaces with continuous G-actions. There are forgetful functors
| − | : Schk → Top and | − | : Sch
G
k → Top
|G|. These functors take a scheme X
to the underlying Zariski topological space of X . Cartesian products in Top are
given the product topology.
Let G be a smooth affine group scheme over k and let X ∈ SchGk . Given a point
x ∈ X , the scheme-theoretic stabilizer of x is the k(x)-group scheme Gx defined
by the Cartesian square:
(2.2) Gx //

G×X
(µX ,idX)

Spec (k(x))
∆X
// X ×X.
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The set-theoretic stabilizer of x is the topological group Sx defined by the Carte-
sian square:
(2.3) Sx //

|G| × |X|
(µ|X|,id|X|)

|Spec (k(x))|
∆|X|
// |X| × |X|.
There is a commutative diagram in Top:
(2.4) |Gx| //

|G×X|
|(µX ,idX)|

// |G| × |X|
(µ|X|,id|X|)

|Spec (k(x))|
∆X
// |X ×X| // |X| × |X|.
It is well known that the left square is Cartesian and the horizontal arrows in the
right square are surjective. Furthermore, these horizontal arrows are isomorphisms
on the sets of closed points if k is algebraically closed. We conclude:
Lemma 2.1. Given a point x ∈ X, there is a natural morphism of topological
groups |Gx| → Sx → |G| such that the second morphism is an inclusion. It is an
inclusion of a closed subgroup if x is a closed point of X.
If G is a finite constant group scheme over k, we can identify G with |G| and
there are inclusions of closed subgroups Gx →֒ Sx →֒ G. If k is algebraically closed
and x is a closed point of X, then the map |Gx| → Sx is bijective on the sets of
closed points.
If G is a finite constant group scheme over k one can get the following explicit
descriptions of Gx and Sx. One can check that a G-action on X is the same as a
homomorphism of groups σ : G → AutSchk(X) and one has Sx = {g ∈ G|g · x :=
σ(g)(x) = x}. If g ∈ Sx, then it acts on Spec (k(x)) which is just the restriction
of Sx-action on the scheme X . In other words, σ restricts to a homomorphism
σx : Sx → AutSch(Spec (k(x))). Here, Sch denotes the category of all schemes
over k. One checks using (2.2) that Gx = Ker(σx).
Example 2.2. Let G be the cyclic group of order two acting on X = Spec (C) in
the category SchR by complex conjugation. One checks easily that Gx is trivial
while Sx = G, where x is the unique point of X .
Example 2.3. If X ∈ SchGk and g ∈ Sx for some x ∈ X , observe that g acts on
the local ring OX,x by k-algebra automorphisms. We show by an example that Gx
may act as the identity on k(x) and differently on OX,x. Let G = 〈σ〉 be the cyclic
group of order two acting on A1k by σ(x) = −x. It is clear that S0 = G and hence
G0 = G. This action is algebraically described by the k-algebra automorphism
σ : k[x] → k[x] given by σ(x) = −x. It is then clear that G acts on the local ring
OA1k,0 ≃ k[x](x) by σ(x) = −x. This is the identity map if and only if char(k) = 2.
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2.2. Equivariant Nisnevich topology. We now define our Nisnevich site for
G-schemes in terms of equivariant Nisnevich coverings. We shall show that these
coverings yield a Grothendieck topology on SchGk . The exact same definitions and
results hold for SmGk .
Definition 2.4. Let X ∈ SchGk . A family of e´tale morphisms {Yi
fi
−→ X}i∈I in
SchGk is called a (G-equivariant) Nisnevich cover of X if for any point x ∈ X , there
is an index i = i(x) ∈ I and a point y ∈ Yi such that
(1) fi(y) = x,
(2) the induced map of the residue fields kx → ky is an isomorphism, and
(3) the induced map Sy → Sx is an isomorphism.
It is immediate from this definition that a G-equivariant Nisnevich cover is the
same as a Nisnevich cover in the sense of [24] if G is trivial.
Proposition 2.5. The category SchGk with the G-equivariant Nisnevich coverings
constitutes a Grothendieck site.
Proof. By the definition it is clear that G-equivariant isomorphisms are Nisnevich
coverings, and any refinement of a G-equivariant Nisnevich cover is also of the
same type. We need to check that coverings are preserved under base change.
This part is not automatically true by reduction to ordinary (non-equivariant)
Nisnevich covers because for some point x, a point y in the cover mapping to x
may satisfy condition (2) of Definition 2.4, but not condition (3).
We consider the Cartesian diagram in SchGS
(2.5) W
v′
//
u′

Y
u

Z v
// X,
where u is a G-equivariant Nisnevich cover. It is clear that u′ is e´tale. Let us now
fix a point z ∈ Z and let v(z) = x. Choose a point y ∈ Y such that k(x)
≃
−→ k(y)
and Sy
≃
−→ Sx.
It is easy to check (see [22, Exercise 3.1.7]) that there is a natural homeomor-
phism of topological spaces
Spec (k(y) ⊗
k(x)
k(z))
≃
−→ {w ∈ W |v′(w) = y, u′(w) = z}.
On the other hand, the isomorphism k(x)
≃
−→ k(y) implies that the map k(z)→
k(z) ⊗
k(x)
k(y) is an isomorphism. In particular, k(z) ⊗
k(x)
k(y) is a field and defines
a unique point w = (y, z) ∈ W such that v′(w) = y and u′(w) = z. Moreover, the
map k(z)→ k(w) is an isomorphism. We are only left with showing that Sw → Sz
is an isomoprhism. This map is clearly injective. To prove its surjectivity, notice
that g ∈ Sz implies g ∈ Sx as v(z) = x and v is G-equivariant. But then, our
assumption implies g ∈ Sy. Since G acts diagonally on W we conclude that
g ∈ Sw = S(y,z). 
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Notations: For the rest of this text, we shall abbreviate the term ‘equivariant
Nisnevich topology’ by simply calling it the eN -topology. An equivariant Nisnevich
cover of aG-scheme will be called an eN -cover. We shall denote the (G-equivariant)
Nisnevich Grothendieck site on the category of G-schemes over k by SchGk/Nis, and
the corresponding site of smooth G-schemes by SmGk/Nis. We refer to these sites as
eN -sites. Throughout the text the following notations will be used.
(1) PShG
Schk
:= the category of presheaves of sets on SchGk .
(2) ShvG
Schk
:= the category of sheaves of sets on SchGk/Nis.
(3) PShG
Smk
:= the category of presheaves of sets on SmGk .
(4) ShvG
Smk
:= the category of sheaves of sets on SmGk/Nis.
Suppose C and D are Grothendieck sites. A functor f−1 : C → D is a continuous
map of sites if for every sheaf F on D, the presheaf f∗(F ) = F ◦ f
−1 is a sheaf
on C. Such a map of sites is written f : D → C. A continuous map of sites f is
called a morphism of sites if the left adjoint f ∗ of f∗ commutes with finite limits.
Since we shall discuss functors between Grothendieck sites, the following criterion
for these notions will be used repeatedly in order to decide about the nature of
these functors.
Proposition 2.6. ([24, Remarks 1.1.44, 1.1.45]) Suppose the functor f−1 : C → D
commutes with fiber products.
(1) Then the map of sites f : D → C is continuous if and only if f−1 preserves
coverings.
(2) Suppose furthermore the topology on D is sub-canonical. Then f is a mor-
phism of sites if and only if it is continuous.
It follows that there is a continuous map of sites τG : Sch
G
S/Nis → Sm
G
S/Nis. One
knows, however, that τG is not a morphism of sites (see [24, Example I.1.46]).
2.3. Comparison with other topologies on G-schemes.
2.3.1. The intermediate Nisnevich topology. Suppose G is a finite constant group
scheme over k. Replacing set-theoretic stabilizers by scheme-theoretic stabilizers
in condition (3) of Definition 2.4 yields a Grothendieck topology on SmGk . This
topology is called the H-Nisnevich topology on SmGk by Herrmann [14] and the
intermediate Nisnevich topology by Williams [36]. We let SchG−Hk/Nis denote the
corresponding site, and note below that the intermediate Nisnevich topology on
SchGk is finer than the eN -topology.
Lemma 2.7. ([14, Lemma 2.1.14]) Let f : Y → X be a G-equivariant morphism
of schemes. Let x ∈ X and suppose that there is a point y ∈ Y such that f(y) = x,
k(x)
≃
−→ k(y) and Sy
≃
−→ Sx. Then there is a naturally induced isomorphism Gy
≃
−→
Gx.
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Proof. Let g ∈ Gx and consider the commutative diagram
(2.6) k(x)
id
//
≃

k(x)
≃

k(y) g∗
// k(y).
Since the vertical arrows are induced by f , it follows easily from this diagram that
g∗ is the identity. That is, g ∈ Gy. 
2.3.2. The Isovariant Nisnevich topology. Recall that for X ∈ SchGk , the isotropy
group scheme is a group scheme GX over X defined by the Cartesian square
(2.7) GX //
iX

G×X
(µX ,idX)

X
∆X
// X ×X.
A G-equivariant e´tale cover {Xi → X}i∈I is called isovariant if the induced map
of isotropy group schemes is an isomorphism for each i ∈ I. An isovariant e´tale
cover which is also Nisnevich, is called an isovariant Nisnevich cover. The isovariant
e´tale site on smooth schemes was introduced by Thomason [31] in order to prove
the e´tale descent for Bott-inverted equivariant K-theory with finite coefficients. Its
Nisnevich analogue was introduced by Serpe [27] in an attempt to prove descent
theorems for equivariant algebraic K-theory with integral coefficients. (However,
most of the results claimed in [27] are either false or need amendments.) The inter-
mediate Nisnevich topology is clearly finer than the isovariant Nisnevich topology.
Let SchG−Isok/Nis denote the isovariant Nisnevich site on Sch
G
k .
It is known (see [14, Lemma 3.2.8]) that the intermediate Nisnevich topology on
SchGk (for G finite) is sub-canonical. It follows that the isovariant Nisnevich topol-
ogy (being coarser than the intermediate Nisnevich topology) is also sub-canonical
(see Corollary 3.13 for a more general result). We conclude from Proposition 2.6
and Lemma 2.7 that for G finite, the identity functor on SchGk induces morphisms
of Grothendieck sites
(2.8) SchG−Hk/Nis
ǫG
//
νG ##●
●●
●●
●●
●
SchGk/Nis
SchG−Isok/Nis .
The following examples show that the equivariant Nisnevich topology is distinct
from the intermediate Nisnevich topology. Moreover, the equivariant Nisnevich
and the isovariant Nisnevich topologies are in general not comparable.
Example 2.8. We view the complex numbers C as an R-algebra and consider the
map of R-algebras
f : C→ C× C; a 7→ (a, a¯) .
Let G = 〈σ〉 be the cyclic group of order two acting by complex conjugation on
C and by switching the coordinates on C × C. Note that f is a G-equivariant
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R-algebra map and an isovariant Nisnevich covering. Let Y = Spec (C × C) and
X = Spec (C). For the unique point η ∈ X we have Sη = G. On the other hand,
the set-theoretic stabilizer of any point in f−1∗ (η) is trivial. Hence f∗ : Y → X is
not an eN -cover.
Example 2.9. For the inclusion of R-algebras R → C we let G = 〈σ〉 (as above)
act trivially on R and by complex conjugation on C. The inclusion is G-equivariant
e´tale, but it is neither isovariant nor Nisnevich. However, the map R → R × C
is a G-equivariant Nisnevich (hence an intermediate Nisnevich) cover of Spec (R),
which is not isovariant since the first map is not isovariant.
The intermediate Nisnevich topology resemblances closely the situation in topol-
ogy in the sense that Y → X is an intermediate Nisnevich cover if and only if the
induced maps of fixed point loci Y H → XH are ordinary Nisnevich covers for all
subgroups H ⊆ G. On the other hand, it is also known (see [14, Remark 3.5.5])
that descent and representability of equivariant K-theory fail in the intermediate
and isovariant Nisnevich topologies. This makes the eN -topology more suitable
for studying cohomology theories for schemes with group actions. We have also
observed that coverings in the intermediate and isovariant Nisnevich topologies do
not necessarily split. It is unlikely that these topologies arise from cd-structures.
3. A cd-structure on the eN-topology
Our goal in this section is to show that the eN -topology can be described in
terms of a cd-structure in the sense of Voevodsky [33]. We shall further show that
this cd-structure is in fact regular, complete, and bounded. Applications of this
will appear later in the paper.
3.1. eN-neighborhoods. Let X ∈ SchGk and let i : Z →֒ X be a G-invariant
locally closed subset with the reduced subscheme structure. Let us denote this
datum by (X,Z). An eN -neighborhood of (X,Z) is a commutative square
(3.1) Z ′
i′
//
≃

U
f

Z
i
// X
in SchGk such that f is e´tale. We shall denote such a neighborhood by (U,Z).
If the square (3.1) is Cartesian, we shall say that (U,Z) is a distinguished eN -
neighborhood of (X,Z). Notice that in this case, Z ′ is automatically reduced. If
U has no G-action or f is not necessarily G-equivariant, then we shall say that
(U,Z) is a Nisnevich neighborhood of (X,Z).
Given an eN -neighborhood f : (U,Z)→ (X,Z) and a G-invariant locally closed
subset Y ⊆ X , we shall write the G-scheme Y×
X
U in short as Y ∩ U or YU .
3.1.1. eN-neighborhood refinement. Assume that G = {e = g0, · · · , gn} is a finite
constant group scheme over k. Given a Nisnevich neighborhood (U,Z) (not neces-
sarily G-invariant) and g ∈ G, the translate of U by g is the scheme g(U) defined
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by the Cartesian square
(3.2) g(U) //
g(f)

U
f

X τg−1
// X,
where τg−1 : X → X is the automorphism of X defined by g
−1 via the G-action on
X . We can iteratively form the fiber product
UG := U×
X
g1(U)×
X
· · ·×
X
gn(U),
using the maps gi(f) : gi(U)→ X . Since Z →֒ X is G-invariant, it is easy to check
that (UG, Z) is in fact an eN -neighborhood of (X,Z) and there is a factorization
(UZ , Z) → (U,Z) → (X,Z). We conclude that every Nisnevich neighborhood of
(X,Z) contains, i.e., is dominated by, an eN -neighborhood.
3.2. cd-structure on SchGk . The notion of cd-structure on Grothendieck sites
was introduced by Voevodsky in [33] in order to streamline the study of homotopy
theory of schemes with respect to various topologies. We refer to [33] for the
definition of cd-structure on a category and its various properties.
Definition 3.1. A distinguished eN -square is a commutative diagram in SchGk
(3.3) B //

Y
p

A
j
// X,
with j an open immersion and (Y, (X \A)red) a distinguished eN -neighborhood of
(X, (X \ A)red).
The equivariant Nisnevich cd-structure on SchGk is the collection of distinguished
eN -squares (3.3)
It is straightforward to check that we obtain a cd-structure on SchGk in the sense
of [33], i.e., a commutative diagram isomorphic to a distinguished eN -square is
again a distinguished eN -square. The equivariant Nisnevich cd-structure on SmGk
is defined in the same way using distinguished eN -squares in the smooth category.
Our next result is an equivariant analogue of Voevodsky’s [34, Theorem 2.2]. The
proof is obtained by following the steps in the non-equivariant case with suitable
modifications at various stages. We refer to [33, § 2] for the definition of a complete,
regular, and bounded cd-structure.
Proposition 3.2. The equivariant Nisnevich cd-structures on SchGk and Sm
G
k are
complete, regular, and bounded.
Proof. We write a proof for the category SchGk as the smooth case is no different.
The completeness is a direct consequence of [33, Lemma 2.4] since the distinguished
eN -squares of the form (3.3) are closed under pullbacks.
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To prove regularity, we observe that given a distinguished eN -square (3.3) in
SchGk , the derived square
(3.4) B
e′
//
∆B

Y
∆Y

B ×A B // Y ×X Y
is a distinguished square in Schk by [34, Theorem 2.2] and hence, a distinguished
square in SchGk since all the underlying maps in (3.4) are G-equivariant. The
regularity condition now follows from [33, Lemma 2.11].
The boundedness condition is not straightforward from the non-equivariant case.
First we need to define a density structure on SchGS . For X ∈ Sch
G
S and i ≥ 0,
let Di(X) denote the class of open embeddings U → X in Sch
G
S that define an
element of the density structure on SchS [33, Proposition 2.10] under the forgetful
functor SchGS → SchS. That is, for every z ∈ X \ U there exists a sequence of
points z = x0, x1, . . . , xi in X such that for 0 ≤ j < i, xj 6= xj+1 and xj ∈ {xj+1}.
One verifies easily that this defines a density structure on SchGS , and it is locally
of finite dimension.
To prove boundedness, it is enough to show that every distinguished eN -square is
reducing with respect to the above density structure. Consider a distinguished eN -
square of the form (3.3) and suppose B0 ∈ Di−1(B), A0 ∈ Di(A) and Y0 ∈ Di(Y ).
Applying Lemma 3.3 below to the morphism j
∐
p we can find X0 ∈ Di(X) such
that j(A0) ∩ p(Y0) ⊆ X0. Replacing Y by Y0, A by A0, B by B
′ = A0×
X
Y0, X by
X0, and applying [34, Lemma 2.5] we are reduced to consider the distinguished
eN -square
(3.5) B′ //

Y0
p

A0 j
// X0.
We now set
(3.6)
B′0 = B
′ ∩B0, Z = B
′ \B′0, Y
′ = Y0 \ clY0(Z), A
′ = A0 and X
′ = j(A0) ∪ p(Y
′).
In [34, Proposition 2.10] it is noted that
(3.7) B′0 //

Y ′
p

A0 j
// X ′
is a distinguished Nisnevich square which satisfies the required properties. To
complete the proof we observe that the inclusions in (3.6) are G-invariant. 
Lemma 3.3. Let f : X → Y be a morphism in SchGk and assume that there
exists a G-invariant dense open subset U in Y such that f−1(U) is dense and
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f−1(U) → U has fibers of dimension zero. Then for any i ≥ 0 and V ∈ Di(X),
there exists W ∈ Di(Y ) such that f
−1(W ) ⊆ V .
Proof. By [34, Lemma 2.9], there exists W ′ ∈ Di(Y ) such that f
−1(W ′) ⊆ V . But
W ′ may not be G-invariant. However, since V ⊆ X is G-invariant (by definition
of our density structure), it follows that f−1(GW ′) = G(f−1(W ′)) ⊆ V . Since the
map µY : G× Y → Y is smooth and in particular open, we see that GW
′ ⊆ Y is
a G-invariant open subset.
SettingW = GW ′, it is clear thatW ⊆ Y is a G-invariant open subset such that
f−1(W ) ⊆ V . Furthermore, asW ′ ⊆W andW ′ ∈ Di(Y ), we see thatW ∈ Di(Y ).
This proves the lemma. 
3.3. cd-property of the eN-topology. In order to show that the eN -topology
on SchGk (and Sm
G
k ) is induced by the above cd-structure, we need to produce a
splitting of eN -covers. We do this in the next result. Recall that G is a smooth
affine group scheme over k such that G = G/G0 is a constant group scheme over
k. We write G =
r∐
i=0
giG
0, where {e = g0, g1, · · · , gr} are points in G(k) which
represent the left cosets of G0.
Definition 3.4. A family of morphisms {Yi
fi−→ X}i∈I in Sch
G
S splits if there is a
filtration of X by G-invariant closed subschemes
(3.8) ∅ = Xn+1 ( Xn ( · · · ( X0 = X,
and for each 0 ≤ j ≤ n there is an i = i(j) ∈ I such that the map
(Xj \Xj+1)×X Yi → Xj \Xj+1
has a G-equivariant section. If each fi is also e´tale, the family of morphisms is
called a split e´tale cover of X .
Proposition 3.5. A family of morphisms {Yi
fi
−→ X}i∈I in Sch
G
k is an eN-cover
if and only if it is a split e´tale cover.
Proof. It is clear that a split e´tale G-equivariant family of morphisms is an eN -
cover. The core of the proof is to show the converse.
Suppose {Yi
fi
−→ X}i∈I is a G-equivariant Nisnevich cover of X . Let Z ⊂ X be
the closed subscheme (with reduced structure) which is the union of all possible
nonempty intersections (if there are any) of the irreducible components of X . It is
easy to check that Z is G-invariant. This follows from the fact that every left coset
giG takes any given irreducible component Xj of X onto some (same or different)
irreducible component of X and giGXj = giGXj′ if and only if Xj = Xj′. Let W
be the G-invariant open subscheme of X given by the complement of Z and set
Ui = Yi×XW . Then {Ui
fUi−−→ W} is an eN -cover ofW . Notice thatW is a disjoint
union of its irreducible components and each fUi being e´tale, it follows that each
Ui is also a disjoint union of its irreducible components.
Let x ∈ W be a generic point of W . Then the closure Wx = {x} in W is an
irreducible component of W . By our assumption, there is a point y lying in some
Ui such that
(3.9) fi(y) = x, kx
≃
−→ ky, and Sy
≃
−→ Sx.
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Then the closure Uy = {y} in Ui is an irreducible component of Ui. Since Uy →Wx
is e´tale and generically an isomorphism, it must be an open immersion. Thus fi
maps Uy isomorphically onto an open subset of Wx. We replace Wx by this open
subset fi(Uy) and call it our new Wx.
Let GUy be the image of the action morphism µ : G×Uy → Ui. Notice that µ is
a smooth map and hence open. This in particular implies that GUy is a G-invariant
open subscheme of Ui as Uy is one of the disjoint irreducible components of Ui and
hence open. By the same reason, GWx is a G-invariant open subscheme of W .
Since the identity component G0 is connected, it keeps Uy invariant. In other
words, the point y ∈ Ui is fixed by G
0 and hence G acts on this point via its
quotient G = G/G0. Recall that G is a finite constant group scheme over k.
Since each gjG takes Uy onto an irreducible component of Ui and since Ui has
only finitely many irreducible components which are all disjoint, we see that GUy =
Ui0
∐
Ui1
∐
· · ·
∐
Uin is a disjoint union of some irreducible components of Ui with
Ui0 = Uy. In particular, for each Uij , we have Uij = gjGUy = gjUy for some gjG.
Since fi maps Uy isomorphically onto Wx, we conclude from the above that
fi maps each Uij isomorphically onto one and only one Wj such that GWx =
fi (GUy) = W0
∐
W1
∐
· · ·
∐
Wm (with m ≤ n) is a disjoint union of open subsets
of some irreducible components of W with W0 = Wx. The morphism fi will map
the open subscheme GUy isomorphically onto the open subscheme GWx if and only
if no two components of GUy are mapped onto one component of GWx. This is
ensured by using the third condition of the definition of the eN -covering.
If two distinct components of GUy are mapped onto one component of GWx, we
can (using the equivariance of fi) apply automorphisms by gj’s and assume that
one of these components is Uy. In particular, we find that there are some j, j
′ ≥ 1
such that
(3.10) Wx = fi (Uy) = fi
(
Uij
)
= fi (gj′Uy) = gj′fi (Uy) = gj′Wx.
But this implies that gj′ ∈ Sx and gj′ /∈ Sy. This violates the condition in (3.9)
that the set-theoretic stabilizers Sy and Sx are isomorphic. We have thus shown
that the morphism fi has a G-equivariant splitting over a nonempty G-invariant
open subset GWx. Letting X1 be the complement of this open subset in X , we
see that X1 is a proper G-invariant closed subscheme of X and by restricting our
eN -cover to X1, we get such a cover for X1. The proof of the proposition is now
completed by the Noetherian induction. 
Remark 3.6. One cannot conclude from (3.10) that gj lies in the scheme-theoretic
stabilizer of x. We thank Ben Williams for pointing this out soon after the first
version of this paper was shared with him in 2011.
Remark 3.7. One can easily check that Example 2.8 is also an example of an iso-
variant Nisnevich cover (hence and intermediate Nisnevich cover) which can not ad-
mit an equivariant splitting. This provides a counterexample to [27, Lemma 2.12].
Remark 3.8. It is straightforward to see that a split e´tale cover has the base
change property. Using Proposition 3.5, this gives another proof of Proposition 2.5.
Proposition 3.9. The eN-topology on SchGk and Sm
G
k coincides with the topology
induced by the equivariant Nisnevich cd-structure.
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Proof. It is easy to see from the definitions that for a distinguished square (3.1),
the family {Y
p
−→ X,A
j
−→ X} is an eN -cover of X . So we only need to prove
that any eN -cover has a refinement which is an equivariant Nisnevich cd-cover.
Let {Yi
fi−→ X}i∈I be an eN -cover of X . By Proposition 3.5, we can assume
that this is a split e´tale cover. In particular, there is a finite filtration of X
by the G-invariant closed subschemes such that the covering map is split in the
complementary open subsets. We prove our assertion by induction on the minimal
length of this splitting.
If the length of the splitting is zero, then the cover has an equivariant section
s : X → Yi for some i ∈ I. Since each fi is e´tale, s must be e´tale too. In particular,
this section maps X isomorphically onto a G-invariant open subscheme X ′ of Yi.
In this case, the square
X ′

X ′

X X
is a distinguished eN -square which refines our cover. To conclude, it suffices now
to construct a distinguished eN -square of the form (3.3) such that the pullback of
the covering map {Yi
fi
−→ X} to Y has a G-equivariant section and the pullback to
A has an equivariant splitting sequence of length strictly less than n.
Given the splitting sequence of (3.8), we see that {Xn ×X Yi → Xn} is an eN -
cover with a G-equivariant section s : Xn → Xn ×X Yi for some i. Let X
′
n be the
image of this section. We have seen above that X ′n is a G-invariant open subscheme
of Xn ×X Yi. In particular, its complement Wn is a G-invariant closed subscheme.
By setting A = X \Xn and Y = (Xn ×X Yi) \Wn, we see that the square defined
by {A
j
−→ X, Y
p
−→ X} is a distinguished eN -square. Furthermore, the pullback of
this square to Y has a G-equivariant section and its pullback to A is an eN -cover
which has a splitting sequence of length less than n. This completes the proof of
the proposition. 
Combining Propositions 3.2 and 3.9, we get the following results.
Theorem 3.10. The eN-topology on SchGk and Sm
G
k is induced by a cd-structure,
which is complete, regular, and bounded.
Corollary 3.11. A presheaf F of sets on the site SchGk/Nis (or Sm
G
k/Nis) is a sheaf
if and only if F(∅) = ⋆ and it takes a square of the form (3.3) to a Cartesian
square.
Proof. This is an immediate consequence of Theorem 3.10 and [33, Lemma 2.9,
Proposition 2.15]. 
Corollary 3.12. For any sheaf F of abelian groups on the site SchGk/Nis, one has
H ieN(X,F) = 0 for i > dim(X).
Proof. This follows immediately from Proposition 3.2, Theorem 3.10 and [33, The-
orem 2.7]. 
Corollary 3.13. The eN-topology on SchGk is sub-canonical.
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Proof. Let U ∈ SchGk and let us consider a square of the form (3.3). By corol-
lary 3.11, it suffices to show that this square is Cartesian after applying the functor
Hom
Sch
G
k
(−, U). So let f1 ∈ HomSchGk (Y, U) and f2 ∈ HomSchGk (A,U) be such that
their restriction to B coincide.
Since the eN -topology on SchGk is known to be sub-canonical for G trivial, we
find a unique f ∈ HomSchk(X,U) such that f ◦p = f1 and f ◦ j = f2. It remains to
show that f is G-equivariant. Since the map p−1(X \A)→ X \A is a G-equivariant
isomorphism, we see that the restrictions of f to the G-invariant subsets A and
X \ A are G-equivariant. It follows that f is G-equivariant. 
More applications of Theorem 3.10 will appear § 4.2.
3.4. Points in the eN-topology. Recall that a point x on a Grothendieck site C
is a functor x∗ : Shv(C)→ Sets which commutes with all small colimits and finite
limits. Such a functor acquires a right adjoint x∗ : Sets → Shv(C) by Freyd’s
adjoint functor theorem. Having enough points is convenient for expressing weak
equivalences in the homotopy theory of simplicial presheaves on a site. Below we
describe a set of points on the eN -site of G-schemes for G a finite constant group
scheme.
Given X ∈ SchGk and x ∈ X , let Gx denote the set-theoretic G-orbit of x. Let
OhX,Gx denote the henselization of the semi-local ring OX,Gx along the ideal defining
the scheme Gx. Set XhGx = Spec (O
h
X,Gx). One observes that the pair (X
h
Gx, Gx) is
nothing but the filtering limit of all Nisnevich neighborhoods (U,Gx) of (X,Gx).
Since every Nisnevich neighborhood of (X,Gx) contains an eN -neighborhood (see
§ 3.1), we see that XhGx is the filtered limit of all eN -neighborhoods of (X,Gx). In
particular, it acquires a canonical Gx-preserving compatible G-action.
Given a pair x = (X,Gx), one gets a functor x : SchGk → Sets by setting
x(U) = Hom
Sch
←−
G
k
(XhGx, U). Here, Sch
←−
G
k
denotes the category of all k-schemes with
G-action (not necessarily of finite type). The left Kan extension of this gives a
functor x : PShG
Schk
→ Sets and one checks at once that its restriction to the
subcategory ShvG
Schk
indeed gives a point on SchGk/Nis. We shall write this functor
on presheaves as F 7→ F (XhGx).
Proposition 3.14. The collection {x|X ∈ SchGk , x ∈ X} is a conservative family
of points on the site SchGk/Nis.
Proof. By [1, Proposition 6.5.a], it is enough to show that if U ∈ SchGk and if
{fi : Ui → U}i∈I is a family of G-equivariant maps such that {x(Ui)→ x(U)}i∈I is
surjective for all X ∈ SchGk and all x ∈ X , then {fi} is dominated by an eN -cover
of U .
So suppose that {x(Ui) → x(U)}i∈I is a surjective family for all pairs (X,Gx).
Let u ∈ U and let v : (UhGu, Gu) → (U,Gu) be the resulting G-equivariant map.
By our assumption, we get an i ∈ I and a G-equivariant factorization
(3.11) Ui
fi

UhGu
w
AA✄✄✄✄✄✄✄
v
// U.
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Notice that w has to be an isomorphism on Gu and hence gives a section of fi
along Gu. Since (UhGu, Gu) is the filtered limit of eN -neighborhoods of Gu and
since fi is a G-equivariant finite type morphism, we conclude that there is an eN -
neighborhood (U ′i , Gu) and a G-equivariant factorization (U
′
i , Gu)
w
−→ (Ui, Gu)
fi
−→
(U,Gu). Since u ∈ U was chosen as an arbitrary point, we get the desired domi-
nation of {fi}. 
4. Model structures on simplicial presheaves on SmGk/Nis
Let S denote the category of simplicial sets with internal hom objects S(−,−)
defined, for example, in [10, I.5]. The category of pointed simplicial sets will be
denoted by S•. We have the pointed version of internal hom as well. A motivic
G-space is a contravariant functor SmGk → S and a pointed motivic G-space is a
contravariant functor SmGk → S•. Due to the finite type condition on G-schemes,
the category SmGk is essentially small, i.e., it is locally small with a small set
of isomorphism classes of objects. Let MGk (resp. M
G
k,•) denote the category
of motivic (resp. pointed motivic) G-spaces. We may identify S with the full
subcategory of MGk comprised of constant motivic G-spaces. The Yoneda lemma
yields a fully faithful embedding of SmGk into M
G
k by sending X ∈ Sm
G
k to the
representable motivic G-space hGX = HomSmGk (−, X) taking values in simplicial
sets of dimension zero. Recall from Corollary 3.13 that hGX is a sheaf in the eN -
topology. A pointed motivic G-space is just a motivic G-space A with a map
pt = hGk → A. In particular, a pointed G-scheme (X, x) amounts to a G-scheme
X together with a k-rational G-fixed point x ∈ X . In the following, we make no
notational distinction between X and hGX . For X ∈ Sm
G
k , the symbol X+ will
denote the pointed motivic G-scheme (X
∐
pt, pt). We note the following useful
fact about MGk,•.
Lemma 4.1. The categoryMGk,• is both a closed symmetric monoidal category and
a locally finitely presented bicomplete S•-category. In particular, filtered colimits
commute with finite limits.
The tensor product in MGk,• is defined by taking pointwise (schemewise) smash
product (X ∧ Y)(U) = X (U) ∧ Y(U). With this definition, S0 = pt
∐
pt =
Spec (k)
∐
Spec (k) is the unit of the product and the limits, colimits are defined
pointwise. The functor EvU evaluating motivic G-spaces at a fixed G-scheme
U is strict symmetric monoidal, preserves limits and colimits, and there is an
adjunction:
(4.1) FrU : S•
//
MGk,• : EvU .oo
The left adjoint FrU , defined by FrU(K) = U+ ∧K, is lax symmetric monoidal for
any G-scheme and strict symmetric monoidal when U = pt. For any X ∈ MGk,•
and K ∈ S•, we define X ∧K and X
K by sending U to X (U)∧K and S•(K,X (U)),
respectively.
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The S•-enrichment of motivic G-spaces is given degreewise by the pointed sim-
plicial set
(4.2) S(X ,Y)n = HomMGk,•(X ∧∆[n]+,Y).
The internal hom inMGk,• is defined pointwise as Hom(X ,Y)(U) = S(X ∧U+,Y).
A motivic G-space X is finitely presentable if HomMGS,•(X ,−) commutes with
filtered colimits. Using the natural isomorphism Hom(U+ ∧K,X ) ≃ X (U ×−)
K ,
one deduces that X is finitely presentable if and only if S(X ,−) commutes with
filtered colimits. The pointed finite simplicial sets and the G-schemes form the
building blocks for MGS,• in the following sense (see [4, 5.2.2b, 5.2.5]):
Lemma 4.2. Every pointed motivic G-space is a filtered colimit of finite colimits
of pointed motivic G-spaces of the form (U ×∆[n])+, where U ∈ Sm
G
k and ∆[n] is
the standard n-simplex for n ≥ 0. The motivic G-spaces (U ×∆[n])+ are finitely
presented. The finitely presented motivic G-spaces are closed under retracts, finite
colimits and tensor product.
In the above we described the monoidal structure on pointed motivic G-spaces.
This story works verbatim for motivic G-spacesMGS by replacing the smash prod-
uct with the schemewise defined product X × Y .
4.1. Schemewise model structures. The goal of this section is to construct
model structures on motivic G-spaces. We first describe these model structures
for the unpointed motivic G-spaces and show in the end how these model structures
induce such structures on the pointed motivic G-spaces. We refer the reader to
[15] for standard notions related to model structures. We only recall here that a
model structure on MGk is a simplicial model structure if the simplicial structure
interacts with cofibrations, fibrations and weak equivalences: If i : X → Y is a
cofibration and p : Z →W is a fibration in MGk , then the map of simplicial sets
S(Y ,Z)
(i∗,p∗)
−−−→ S(X ,Z) ×
S(X ,W)
S(Y ,W)
is a Kan fibration, which is a weak equivalence if either i or p is a weak equivalence.
We shall say that a map f : X → Y of motivic G-spaces is a schemewise weak
equivalence (resp. schemewise fibration) if the map of simplicial sets X (X)→ Y(X)
is a weak equivalence (resp. Kan fibration) of simplicial sets for every X ∈ SmGk .
Moreover, f is called a projective cofibration if it has the left lifting property with
respect to all maps which are schemewise fibrations and weak equivalences. It
follows from [15, Theorems 11.6.1, 11.7.3, 13.1.14, Proposition 12.1.5 ] that MGk
acquires the so-called projective model structure:
Theorem 4.3. (Projective model structure) The schemewise fibrations and weak
equivalence, and projective cofibrations form a combinatorial and simplicial model
structure on MGk with respect to the S-enrichment in (4.2).
The set of generating cofibrations
Ischproj(sm
G
k ) = {U+ ∧ (∂∆
n ( ∆n)+}n≥0,U∈SmGk
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and trivial cofibrations
J schproj(sm
G
k ) = {U+ ∧ (Λ
n
i ( ∆
n)+}n≥0,0≤i≤n,U∈SmGk
are induced from the corresponding maps in S. The domains and codomains of the
maps in these generating sets are finitely presented. The projective model structure
is proper. For every U ∈ SmGk , the pair (FrU ,EvU) forms a Quillen pair.
Let κ be the first cardinal number greater than the cardinality of the set of
maps in PShG
Smk
. If ω denotes, as usual, the cardinal of continuum, we define γ
as κωκω. Now let Isch,κinj (sm
G
k ) be the set of maps X → Y such that X (U)→ Y(U)
is a cofibration of simplicial sets of cardinality less than κ for every U ∈ SmGk .
Likewise, we define J sch,γinj (sm
G
k ) for schemewise trivial cofibrations of simplicial
sets bounded by γ. With these definitions, the following holds for the so-called
injective model structure on MGk , see [12], [20].
Theorem 4.4. (Injective model structure) There is a cofibrantly generated model
structure onMGk with schemewise cofibrations and weak equivalences, and injective
fibrations. The cofibrations and trivial cofibrations are generated by Isch,κinj (sm
G
k ) and
J sch,γinj (sm
G
k ), respectively. The injective model structure is combinatorial, proper
and simplicial with the S-enrichment in (4.2).
The third model structure one can consider is an example of a so-called flasque
model structure [17]. It is obtained by considering equivariant embeddings of
smooth G-subschemes, generalizing the cognate schemewise model structure in
[25, Theorem A.9] for the trivial group. For U ∈ SmGk , we consider a finite set of
G-equivariant monomorphisms VI = {Vi → U}i∈I . The categorical union ∪
i∈I
Vi is
the coequalizer of the diagram∐
i,j∈I
Vi×
U
Vj
//
//
∐
i∈I
Vi
formed inMGk . We denote by iI the induced monomorphism ∪
i∈I
Vi → U . Note that
∅ → U arises in this way. The push-out product of maps of iI and a map between
simplicial sets exists in MGk . In particular, we are entitled to form the sets
Ischclo (sm
G
k ) = {iI  (∂∆
n ⊂ ∆n)+}I,n≥0
and
J schclo (sm
G
k ) = {iI  (Λ
n
i ⊂ ∆
n)+}I,n≥0,0≤i≤n.
A map between motivic G-spaces is called a closed schemewise fibration if it has
the right lifting property with respect to J schclo (sm
G
k ). A closed schemewise cofibra-
tion is a map having the left lifting property with respect to every trivial closed
schemewise fibration.
Theorem 4.5. (Flasque model structure) The schemewise weak equivalences, closed
schemewise cofibrations and fibrations form a combinatorial and simplicial model
structure onMGk with respect to the S-enrichment in (4.2). The closed schemewise
cofibrations and fibrations are generated by Ischclo (sm
G
k ) and J
sch
clo (sm
G
k ), respectively.
Moreover, the flasque model structure is cellular and proper.
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4.2. Local model structures. Recall from [15, Chapter 3] that if Σ is a class
of morphisms in a simplicial model structure on MGk , then an object Z of M
G
k is
called Σ-local, if it is fibrant and for every element f : X → Y in Σ, the induced
map of homotopy function complexes S(Y ,Z) → S(X ,Z) is a weak equivalence
(see [15, Definitions 3.1.4, 17.1.1]). Moreover, a map f : X → Y inMGk is a Σ-local
equivalence if for every Σ-local object Z, the induced map of homotopy function
complexes S(Y ,Z) → S(X ,Z) is a weak equivalence. Clearly every element of Σ
is a Σ-local equivalence.
The left Bousfield localization of MGk with respect to Σ is a model category
structure LΣM
G
k on the underlying category M
G
k such that
(1) weak equivalences coincide with the Σ-local equivalences of MGk ,
(2) cofibrations coincide with the cofibrations of MGk , and
(3) fibrations coincide with the maps having the right lifting property with
respect to cofibrations that are simultaneously Σ-local equivalences.
We shall employ the technique of Bousfield localization to define local model
structures on MGk . One basic idea underlying the local model structures is that
the distinguished eN -squares inform our definition of locally fibrant motivic G-
spaces, and hence the accompanying (co)homology theories on SmGk .
Definition 4.6. A motivic G-space X is called locally projective fibrant if it is
schemewise fibrant and flasque; i.e., X (∅) is contractible and the square
(4.3) X (X)
X (j)
//
X (p)

X (A)

X (Y ) // X(B)
is homotopy Cartesian for every distinguished eN -square of the form (3.3).
The locally injective fibrant and locally flasque fibrant motivic G-spaces are
defined analogously by means of schemewise injective and flasque model structures,
respectively.
Let (−)cof : MGk → M
G
k be a cofibrant replacement functor in the schemewise
projective model structure.
Definition 4.7. A map X → Y of motivic G-spaces is called a local projective
weak equivalence if the induced map
S(Ycof ,Z)→ S(X cof ,Z)
is a weak equivalence for every locally projective fibrant motivic G-space Z. A
map is a local projective fibration if it has the right lifting property with respect to
projective cofibrations which are simultaneously local projective weak equivalence.
The local injective and local flasque weak equivalences and fibrations are defined
analogously.
Theorem 4.8. The category MGk acquires local projective, injective and flasque
model structures. All of these model structures are combinatorial, proper and sim-
plicial. The identity functors from the local projective model structure to the local
flasque and local injective model structures are left Quillen equivalences.
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Proof. The schemewise model structures are combinatorial and left proper ones,
and hence suitable fodder for Bousfield localizations LΣM
G
k , where we define Σ by
means of distinguished eN -squares. In order to identify these Bousfield localiza-
tions with the definitions above, we shall make repeated use of the fact that the
cofibrations and the fibrant objects determine the weak equivalences in any model
structure. The existence of the model structures follows by reconciling the locally
fibrant motivic G-spaces in the sense of Definition 4.6 with the fibrant objects in
the Bousfield localizations determined by Σ. Once we do these identifications, the
claim about the simplicial and the left properness property follows because these
properties are preserved under Bousfield localization (see [15, Theorem 4.1.1]).
We start by defining Σ in the case of the local projective model structure. For
a distinguished eN -square Q as in (3.3), let Qhp be the homotopy push-out of
A ← B → Y in the schemewise projective model structure. There is a canonical
map Qhp → X and we set
(4.4) ΣhpNis = {Q
hp → X}Q ∪ {∗ → ∅+}.
In the case of the local injective and flasque model structures, we consider the
categorical push-out Qp of A ← B → Y in MGk . There is a canonical map
Qp → X and we set
(4.5) ΣpNis = {Q
p → X}Q ∪ {∗ → ∅+}.
We claim that the fibrant objects in LΣhpNis
coincide with the local projective
fibrant objects introduced in Definition 4.6. In effect, an object in the localization
LΣhpNis
is fibrant if and only if it is schemewise fibrant and ΣhpNis-local. But by
adjunction, this is same as saying that it takes a distinguished eN -square to a
homotopy Cartesian square and this in turn is same as saying that it is locally
projective fibrant. The right properness of the local projective model structure
LΣhpNis
follows from [3, Theorem 1.5]. There is a parallel story for the injective
and flasque model structures. In these cases, B → Y is a cofibration so that the
categorical push-out Qp is a model for the homotopy push-out. For this reason, it
suffices to consider the set ΣpNis when constructing the local injective and flasque
model structures.
We also observe that the weak equivalences in the local projective, injective and
flasque model structures are same. It follows from Lemma 4.9 that a map which is
either a local injective fibration or a local flasque fibration, is also a local projective
fibration. We conclude from this that that the local injective and the local flasque
model structures are also right proper.
By [17, Theorems 2.2, 3.7], it follows that the identity functors from the scheme-
wise projective model structure to schemewise flasque and the schemewise injective
model structures on MGk are left Quillen equivalences. We have just shown that
the local projective, local injective and local flasque model structures are obtained
by the Bousfield localizations of the corresponding schemewise model structures
with respect to the same set. The second part of the theorem now follows from
[15, Theorem 3.3.20]. This completes the proof. 
Lemma 4.9. Let Σ be a set of maps in MGk . Suppose f : X → Y is a fibration
in the Bousfield localization LΣM
G
k with respect to the schemewise injective model
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structure or the schemewise flasque model structure. Then f is a fibration in the
Bousfield localization with respect to the schemewise projective model structure.
Proof. Every schemewise projective cofibration is also a schemewise injective and
flasque cofibration, cf. [15, Proposition 11.6.3.], [17, Theorem 3.7]. The result
follows now since the weak equivalences in the Bousfield localized model structures
on LΣM
G
S coincide, cf. the proof of Theorem 4.8. 
Combining Theorems 3.10 and 4.8, we get the following explicit description of
the weak equivalences in the local projective, injective and flasque model structures
onMGk when G is a finite constant group scheme over k. This description is closest
to the description of local weak equivalence of simplicial presheaves in the non-
equivariant Nisnevich topology and reflects our usage of the eN -topology.
Theorem 4.10. Assume that G is a finite constant group scheme over k. A map
f : X → Y in MGk is a weak equivalence in the local projective, injective, and
flasque model structures if and only if for all X ∈ SmGk and all x ∈ X, the map of
simplicial sets X (XhGx)→ Y(X
h
Gx) (see § 3.4) is a weak equivalence.
Proof. It follows from Theorems 3.10 and 4.8 and [33, Theorem 3.8] that f is a
weak equivalence in the local projective, injective and flasque model structure if
and only if the following hold.
(1) The map f∗ : π0(X ) → π0(Y) induces isomorphism of the associated
sheaves.
(2) For all X ∈ SmGk , all choices of base points x ∈ X (X)0 and all n ≥ 1, the
map f∗ : πn(X , x)→ πn(Y , f(x)) induces an isomorphism of the associated
eN -sheaves on the site SmGk ↓ X .
But this is same as saying that for all points x∗ : MGk → S of the eN -site
SmGk/Nis, the map f∗ : x
∗(X ) → x∗(Y) is a weak equivalence. Recall here that
the eN -topology on SmGk is sub-canonical (Corollary 3.13) and hence every point
x∗ : ShvG
Smk
→ Sets (of the site SmGk/Nis) has the left Kan extension to a functor
x∗ :MGk → S.
Now, it follows from [24, Remark 2.1.3] that f : X → Y is a local weak equiv-
alence if and only if f∗ : x
∗(X ) → x∗(Y) is a weak equivalence for all x lying in
a conservative family of points of SmGk/Nis. The theorem now follows by applying
Proposition 3.14. 
The following result is another consequence of Theorem 3.10. A refined version,
see Theorem 5.3, will be used to prove representability of equivariant K-theory in
the equivariant motivic homotopy category.
Proposition 4.11. Let X be a motivic G-space and X → X̂ a fibrant replacement
in the local projective model structure on MGk . Then X is flasque if and only if
the map X → X̂ is a schemewise weak equivalence. The same result holds for the
local injective and local flasque model structures on MGk .
Proof. First suppose that X̂ is a fibrant replacement of X in the local projective
model structure onMGS . It follows from Theorem 3.10 and [3, Lemma 4.1] that X̂
is a flasque presheaf.
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If X̂ is a fibrant replacement of X in the local injective or flasque model structure,
then it follows from Lemma 4.9 that it is a fibrant replacement of X in the local
projective model structure too. Hence X̂ is flasque as shown above.
Suppose now that X is flasque. Theorem 3.10 and [33, Lemma 3.5] imply that
X → X̂ is a schemewise weak equivalence. The converse implication is trivial. 
5. The equivariant motivic homotopy category HoGA1(k)
In this section we construct the unstable homotopy category of motivic G-spaces.
This is done by the following A1-localization of our local model structures.
5.1. A1-localization ofMGk . Let T be a site with category of presheaves PSh(T ).
Let pt denote the terminal object of PSh(T ). Recall from [24, 2.2.3] that an
interval on a site T is a presheaf I ∈ PSh(T ) together with morphisms:
µ : I × I → I; i0, i1 : pt→ I
where pt is the terminal object in Psh(T ) with the canonical morphism p : I → pt
such that
µ(i0 × idI) = µ(IdI × i0) = i0 ◦ p
µ(i1 × idI) = µ(IdI × i1) = idI
and the morphism i0
∐
i1 : pt
∐
pt→ I is a monomorphism.
In what follows, we let I = A1k with trivial G-action and pt = Spec (k) such that
i0(s) = (s, 0), i1(s) = (s, 1) and µ(a, b) = ab. It is then immediate that the pair(
SmGk/Nis,A
1
k
)
is a site with interval. Since the base field k is fixed throughout, we
shall write A1 for the affine line over k.
Definition 5.1. The motivic projective (resp. injective, flasque) model structure
on MGk is the left Bousfield localization of its local projective (resp. injective,
flasque) structure with respect to the set of projection maps
{X × A1
pX−→ X| X ∈ SmGk }.
The motivic G-spaces which are local with respect to this set of maps are called
A1-local. The fibrant objects in the motivic projective (resp. injective, flasque)
model structure will be called A1-fibrant. A weak equivalence in the motivic pro-
jective (resp. injective, flasque) model structure will be called amotivic weak equiv-
alence.
In the motivic injective and flasque model structures, the A1-local objects can
be described using the following simpler criterion. We say that a motivic G-
space X is A1-weak invariant if for all X ∈ SmGk , the naturally induced map
X (X)→ X (X × A1) is a weak equivalence.
Lemma 5.2. Suppose that a motivic G-space X is fibrant in the local injective
(or flasque) model structure. Then it is A1-fibrant if and only if it is A1-weak
invariant.
Proof. We first observe that as X is already locally fibrant, it is A1-fibrant if and
only if it is A1-local. The lemma is now a consequence of [15, Definition 3.1.4,
Proposition 16.1.3] using the observation that every X ∈ SmGk is cofibrant in the
local injective and flasque model structures. 
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The motivic weak equivalences inMGk are those maps which are Σ
hp
Nis-local (resp.
ΣpNis-local) and A
1-local weak equivalences. The cofibrations coincide with the cofi-
brations of the underlying local model structures and the fibrations are maps hav-
ing the right lifting property with respect to cofibrations which are simultaneously
motivic weak equivalences.
Theorem 4.8 and [15, Theorem 4.1.1] imply that the motivic projective, injective
and flasque model structures onMGk are left proper, cellular and simplicial. More-
over, right properness of the motivic model structures follows from [3, Lemma 3.1]
and Lemma 4.9.
It follows from [15, Theorem 3.3.20] that the identity functors from the motivic
projective to the motivic flasque and injective model structures are left Quillen
equivalences. In particular, these model structures have equivalent homotopy cat-
egories, which will be denoted by HoGA1(k). Given motivic G-spaces X and Y , the
set HomHoG
A1
(k)(X ,Y) will be denoted by [X ,Y ]G,A1.
5.1.1. A1-flasque sheaves. We shall say that a motivic G-space is A1-flasque if it
is flasque and A1-weak invariant. As another application of Theorem 3.10, we get
the following extension of Proposition 4.11 to the motivic model structures. This
result is very useful in determining the schemewise weak equivalences of motivic
G-spaces as demonstrated in our proof of representability of equivariant K-theory.
Theorem 5.3. A motivic G-space X is A1-flasque if and only if every fibrant
replacement in the motivic injective (resp. flasque) model structure is a schemewise
weak equivalence. A map f : X → Y of A1-flasque motivic spaces is a motivic weak
equivalence if and only if it is a schemewise weak equivalence.
Proof. The ‘if’ part of the first assertion follows from Proposition 4.11 and Lemma 5.2.
To prove the converse, suppose that X is an A1-flasque motivic G-space and let
f : X → X̂ be an A1-fibrant replacement. By Proposition 4.11, it is enough to
show that f is also a locally (i.e., in the local injective or flasque model structure)
fibrant replacement.
We factor f as a composition X
g
−→ X ′
f ′
−→ X̂ , where g is a local trivial cofibration
(in particular, motivic trivial cofibration) and f ′ is a local fibration. It follows from
the 2-out-of-3 axiom that f ′ is a motivic weak equivalence. We need to show that
f ′ is a local weak equivalence.
Since X̂ is locally fibrant and f ′ is a local fibration, it follows that X ′ is locally
fibrant. In particular, g defines a locally fibrant replacement of X . We conclude
from Proposition 4.11 that g is a schemewise weak equivalence. We now apply
the A1-weak invariance of X and Lemma 5.2 to conclude that X ′ is A1-fibrant. In
particular, it is ΣpNis-local as well as A
1-local. We have thus shown that f ′ is a
motivic weak equivalence of A1-fibrant motivic G-spaces. It follows from the local
Whitehead theorem (see [15, Theorem 3.2.12]) that f ′ is in fact a schemewise weak
equivalence. This proves the first part of the theorem.
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To prove the second assertion of the theorem for the motivic weak equivalence
f : X → Y of A1-flasque motivic G-spaces, we can form a commutative diagram
(5.1) X
f
//

Y

X̂
f̂
// Ŷ
where the vertical arrows are A1-fibrant replacements. It follows from the 2-out-of-
3 axiom that f̂ is a motivic weak equivalence. In this case, f̂ is a schemewise weak
equivalence by [15, Theorem 3.2.12]. The two vertical arrows are also schemewise
weak equivalences by the first assertion of the theorem. It follows that f is a
schemewise weak equivalence. 
5.2. Equivariant vector bundles. To justify the construction of the motivic
model structure by inverting the trivial line bundle A1, we show that this in fact
makes all equivariant vector bundle projections into motivic weak equivalences.
For maps f, g : X → Y of motivic G-spaces, an elementary A1-homotopy from
f to g is a morphism H : X × A1 → Y such that H ◦ i0 = f and H ◦ i1 = g. Two
maps are called equivariantly A1-homotopic if they can be connected by a sequence
of elementary A1-homotopies. A map f : X → Y is called a strict equivariant A1-
homotopy equivalence if there is a morphism g : Y → X such that f ◦ g and g ◦ f
are equivariantly A1-homotopic to the respective identity maps.
Proposition 5.4. Let X ∈ SmGk and let V
f
−→ X be a G-equivariant vector bundle.
Then the map of associated motivic G-spaces is a motivic weak equivalence.
Proof. Recall that the eN -site has an interval I defined in the beginning of § 5.1.
Moreover, it is clear that our equivariant motivic homotopy category is obtained
precisely by inverting the I-local morphisms in the sense of [24, § 2.2.3]. Hence it
follows from [24, Lemma 2.3.6] that a strict A1-homotopy equivalence of motivic
G-spaces is a motivic weak equivalence. Thus it suffices to show that the map
f : V → X is a strict A1-homotopy equivalence.
We can assume that X is G-connected in the sense that G(k) acts transitively
on the set of connected components of X . Suppose V has rank n and let U =
{U1, · · · , Ur} be a Zariski open cover (not necessarily G-invariant) of X such that
each Ui = Spec (Ri) is affine and Vi = f
−1(Ui) → Ui is a trivial ordinary bundle
given by Vi = Spec (Ri[X
i
1, · · · , X
i
n]).
Define the ring map H : Ri[X
i
1, · · · , X
i
n] → Ri[T,X
i
1, · · · , X
i
n] by X
i
j 7→ TX
i
j.
It is straightforward to check that since these maps are natural once we fix the
T -coordinate over X , they glue together to give an elementary homotopy
(5.2) H : V × A1 → V
such that H ◦ i0 = iX ◦ f and H ◦ i1 = idV , where iX : X → V is the zero-section.
Note that i0, i1 and iX are all G-equivariant. Thus, we shall be done if we show
that H is G-equivariant.
Now f is a G-equivariant vector bundle, so that over every point x ∈ X , the
fiber of f is a kx-vector space Vx of rank n. Moreover, if g ∈ G(k(x)) is such
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that gx = x′, then g acts on Vx by a kx (≃ kx′)-linear isomorphism Vx → Vx′. At
the level of the coordinate rings of these fibers, the G-action and the map H are
described by the diagram
(5.3) k(x)[x1, · · · , xn]
τg
//
H

k(x′)[x′1, · · · , x
′
n]
H

k(x)[t, x1, · · · , xn] τg
// k(x′)[t, x′1, · · · , x
′
n],
where τg is the map on the coordinate rings induced by g ∈ G(k(x)). It is
straightforward to check that this diagram commutes, which shows that H is G-
equivariant. 
6. The equivariant motivic homotopy category HoGA1,•(k)
Recall from § 4 the category MGk,• of pointed motivic G-spaces. Lemma 4.1
shows that MGk,• is closed symmetric monoidal with respect to the smash product
and pointed internal homs. There is an adjoint functor pair
MGk
//
MGk,•oo
where the left adjoint adjoins a disjoint base point, X 7→ X+ = (X
∐
pt, pt) and
the right adjoint is the forgetful functor. SinceMGk,• is the slice category pt ↓ M
G
k ,
we conclude the existence of the following motivic injective model structure from
[15, Theorem 7.6.5].
Theorem 6.1. The category MGk,• admits a model structure where a map f :
(X , x) → (Y , y) is a weak equivalence (resp. cofibration, resp. fibration) if and
only if f : X → Y is a weak equivalence (resp. cofibration, resp. fibration) in the
motivic injective model structure (cf. Definition 5.1) after applying the forgetful
functor. This model structure is proper, cellular and simplicial.
The motivic projective model structure onMGk,• is defined by replacing the local
injective model structure in Theorem 6.1 by the local projective model structure.
Likewise for the motivic flasque model structure. As in the unpointed case, the
three model structures are Quillen equivalent and hence have equivalent homotopy
categories, which justifies the following definition.
Definition 6.2. The equivariant pointed motivic homotopy category HoGA1,•(k) is
the homotopy category of pointed motivic G-spaces with respect to either of the
motivic model structures. For pointed motivic G-spaces X and Y , we let [X ,Y ]G,A1•
denote the set HomHoG
A1,•
(k)(X ,Y). Let Ho
G
eN,•(k) denote the homotopy category of
pointed motivic G-spaces with respect to either of the local model structures.
Proposition 6.3. The smash product preserves weak equivalences and cofibrations
in the motivic injective model structure on MGk,•. This induces a symmetric closed
monoidal category structure on HoGA1,•(k).
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Proof. Since the weak equivalences in the motivic projective and injective model
structures are same, it follows from [8, Lemma 2.20] that smashing with any
pointed motivic G-space preserves motivic weak equivalence. Since the cofibra-
tions in the motivic (injective) model structure are monomorphisms, it follows
immediately that smash product preserves cofibrations.
The first assertion implies that the smash product defines a structure of symmet-
ric monoidal structure on HoGA1,•(k). We need to show that this monoidal structure
is closed to complete the proof. Since the motivic projective and injective model
structures have equivalent homotopy categories, it suffices to show that the mo-
tivic projective model structure on MGk,• is monoidal. But this follows from [8,
Corollary 2.19]. 
Recall that the simplicial circle S1s is the constant presheaf ∆[1]/∂∆[1] pointed
by the image of ∂∆[1]. We shall write (S1s )
∧n as Sns . Smashing with the simplicial
circle gives a functor
Σs(F , x) = S
1
s ∧ (F , x).
Let Ω1s(−) = Hom•(S
1
s ,−) be the right adjoint of S
1
s ∧(−). Proposition 6.3 implies
that (Σs(−),Ω
1
s(−)) is a Quillen pair of endofunctors on M
G
k,•. In particular, we
get an adjoint pair of endofunctors
(6.1) Σs(−) : Ho
G
A1,•(k)
//
HoGA1,•(k) : RΩ
1
s(−).oo
The functor RΩ1s ((X , x)) is given as Ω
1
s (Ex ((X , x))), where Ex ((X , x)) is a cofi-
brant fibrant replacement of (X , x) in the motivic model structure.
6.1. Equivariant motivic homotopy groups. We end this section with the
definition of equivariant motivic homotopy groups of motivic G-spaces and show
that these groups coincide with the actual homotopy groups of an A1-fibrant re-
placement. The results of this section will be used in proving representability of
equivariant algebraic K-theory in the unstable homotopy category.
Recall from (4.1) that given X ∈ SmGk , there is an adjoint pair of functors
(FrX ,EvX) between S• and M
G
k,•.
Lemma 6.4. The functors (FrX ,EvX) form a Quillen pair with respect to the
schemewise projective, local projective, and motivic projective model structures on
MGk,•. The same holds for the various localizations of the injective model structure.
Proof. Recall that this adjunction is given by the maps
θ : HomS• (K,S(X+,X ))→ HomMGk,• (K ∧X+,X )
θ(f)(a ∧ x) = fa(x)
and
φ : HomMGk,• (K ∧X+,X )→ HomS• (K,S(X+,X ))
φ(g)(a) = (x 7→ g(a ∧ x)) .
It is straightforward to check that the maps are inverses to each other.
To show that (FrX ,EvX) is a Quillen pair, we shall note that FrX preserves
cofibrations and trivial cofibrations with respect to all the model structures given
in the lemma. First we reduce to the schemewise projective model structure on
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MGk,•. This follows because schemewise weak equivalences are the coarsest types
of weak equivalences under consideration (see [15, Proposition 3.3.3]), and likewise
for the projective cofibrations.
Suppose that f : K → L be a cofibration (which is same as a monomorphism) of
pointed simplicial sets. If f is a weak equivalence, then for any pointed simplicial
set M , the map K ∧M → L ∧M is also a weak equivalence. In particular, the
map K ∧ S(U,X+) → L ∧ S(U,X+) is a weak equivalence for any U ∈ Sm
G
k .
Equivalently, the map (K ∧ X+)(U) → (L ∧ X+)(U) is a weak equivalence for
every U ∈ SmGk . But this is same as saying that the map K ∧X+ → L ∧X+ is a
schemewise weak equivalence.
We now show that K ∧X+ → L ∧X+ is a projective cofibration. We consider
a diagram in MGk,•
(6.2) K ∧X+ //

X
p

L ∧X+
>>
// Y
where p is a projective trivial fibration. It follows from the definitions of the maps
θ and ψ above that the assignments
HomMGk,• (L ∧X+,X )→ HomS• (L,X (X))→ HomMGk,• (L ∧X+,X )
h 7→ (a 7→ h(a, idX)) ; h
′ 7→
(
(a ∧ (U
u
−→ X)) 7→ h′(a) ◦ u
)
give bijective correspondences of the sets. Thus giving a lifting in (6.2) is equivalent
to giving a lifting in the parallel diagram of simplicial sets
(6.3) K //

X (X)
p

L
@@
// Y(X).
Since the fibrations and weak equivalences in the schemewise projective model
structure are objectwise, we see from our assumption that the right vertical arrow
in (6.3) is a trivial fibration in S•. Since K → L is assumed to be a cofibration, we
get the desired lifting using the model structure on simplicial sets. This completes
the proof of the lemma. 
Proposition 6.5. Let (X , x) be a fibrant pointed motivic G-space in the local
injective model structure. Then for any pointed simplicial set K and any X ∈
SmGk , the Quillen pair (FrX ,EvX) of Lemma 6.4 gives a canonical isomorphism
HomHoGeN,•(k) (K ∧X+,X )
≃
−→ [K,X (X)].
If X is also A1-local, then there is a canonical isomorphism
HomHoG
A1,•
(k) (K ∧X+,X )
≃
−→ [K,X (X)].
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Proof. Since the functor K 7→ K ∧X+ preserves weak equivalence in all our model
structures and since X is fibrant in the local injective model structure, we conclude
from Lemma 6.4 that there are isomorphisms
HomHoGeN,•(k) (K ∧X+,X ) ≃ HomHoGeN,•(k) (LFrX(K),X )
≃ HomS• (K,REvX(X ))
≃ HomS• (K,EvX(X ))
≃ HomS• (K,X (X)) .
Since X is fibrant in the local injective model structure, it is schemewise fibrant. In
particular, X (X) is a Kan complex and hence the last term is same as [K,X (X)].
If X is also A1-local, then it is A1-fibrant by Lemma 5.2. We can now repeat
the above argument using Lemma 6.4. 
Corollary 6.6. A map f : X → Y of A1-fibrant pointed motivic G-spaces is a
schemewise weak equivalence if and only if the map
(6.4) HomHoG
A1,•
(k)(S
i
s ∧X+,X )→ HomHoG
A1,•
(k)(S
i
s ∧X+,Y)
is an isomorphism for all X ∈ SmGk and all i ≥ 0.
Proof. We only need to show the ‘if’ part. Since X and Y are A1-fibrant, it
follows from Proposition 6.5 that the terms on the left and the right in (6.4) are
πi(X (X)) and πi(Y(X)), respectively. This implies that X → Y is a schemewise
weak equivalence (and hence motivic weak equivalence). 
6.1.1. Homotopy groups. For a motivic G-space X , let πG,A
1
0 (X ) be the eN -sheaf
associated to the presheaf U 7→ [U,X ]G,A1 on Sm
G
k . We shall say that X is equiv-
ariantly A1-connected if πG,A
1
0 (X ) is constant.
For a pointed motivic G-space (X , x), let πG,A
1
i (X , x) be the eN -sheaf associated
to the presheaf U 7→ [Sis ∧ U+, (X , x)]G,A1•.
It follows from Corollary 6.6 that if X → F is an A1-fibrant replacement, then
πG,A
1
i (X , x) is same as the sheaf associated to the presheaf of homotopy groups of
the simplicial presheaf F . It follows that πG,A
1
i (X , x) is a sheaf of groups for i ≥ 1
and a sheaf of abelian groups for i ≥ 2. Using the functorial fibrant replacements
and Corollary 6.6, we obtain the following result.
Proposition 6.7. A morphism f : X → Y of equivariantly A1-connected motivic
G-spaces is a motivic weak equivalence if and only if for any choice of base point
x ∈ X , the induced map
πG,A
1
i (X , x)→ π
G,A1
i (Y , f(x))
is an isomorphism for all i ≥ 1.
7. Comparison with the Nisnevich site and base change
In this section, we study the connection of our eN -site with various other sites
associated with group scheme actions.
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7.1. Comparison with the Nisnevich site. Suppose thatH ⊆ G is a subgroup.
We then have the canonical restriction functor rGH : Sch
G
k → Sch
H
k . This functor
has a left adjoint eGH : Sch
H
k → Sch
G
k given by e
G
H(X) = G
H
× X . In particular, rGH
commutes with limits. Thus we get the map of eN -sites r̂GH : Sch
H
k/Nis → Sch
G
k/Nis
and êGH : Sch
G
k/Nis → Sch
H
k/Nis. These are not continuous since they do not in
general preserve eN -covers (see Proposition 2.6). However, if H is the trivial
subgroup scheme, then r̂GH and ê
G
H preserves covers. Since the underlying topologies
are sub-canonical (see Corollary 3.13), Proposition 2.6 implies that r̂G : Schk/Nis →
SchGk/Nis is a morphism of sites. In the smooth setting, we denote the analogous
functor by
(7.1) res : Smk/Nis → Sm
G
k/Nis.
Lemma 7.1. The pullback functor res∗ : MGk → Mk preserves representable
sheaves. It preserves local and motivic weak equivalences.
Proof. To show that res∗(X)(U) = HomSmS(U,X) for X ∈ Sm
G
S and U ∈ SmS,
notice that the term involving the pullback functor is colim
{U→V |V ∈SmGS }
Hom
Sm
G
S
(V,X).
But the colimit is clearly same as the set HomSmS(U,X).
As res is a morphism of sites, res∗ preserves local (with respect to the equivariant
and ordinary Nisnevich topologies) weak equivalences by [24, Proposition 2.1.47].
Suppose now that X is an A1-local object of Mk and let X × A
1 → X be the
projection map for some X ∈ SmGS . Then SMGS (X,X ) identifies with X (r
G(X))
and likewise for X × A1. It follows that res∗(X ) is A
1-local in MGS . Combined
with the adjunction it follows that res∗ preserves motivic weak equivalences. 
Using Lemma 7.1 and [24, Proposition 2.3.17], we get the following result.
Proposition 7.2. The map res : Smk,Nis → Sm
G
k,Nis is a morphism of sites such
that res∗ preserves local and motivic weak equivalences. Furthermore, there is an
adjoint pair of functors
Lres∗ : HoGA1(k)
//
HoA1(k) : Rres∗.oo
We note the following immediate corollary in connection with representability
of equivariant K-theory, see § 10.
Corollary 7.3. Let f : X → Y be a G-equivariant map of smooth G-schemes.
Suppose that f is a motivic weak equivalence in MGk . Then the induced map
K∗(Y )
f∗
−→ K∗(X) is an isomorphism of ordinary K-theory.
Recall from (2.1) that there is a full and faithful embedding Smk → Sm
G
k , which
takes a scheme X to itself with the trivial G-action. This functor commutes with
fiber product and takes a Nisnevich cover to an eN -cover. Corollary 3.13 and
Proposition 2.6 imply that there is an induced morphism of sites ι : SmGk/Nis →
Smk/Nis. Note that ι
∗ is identity and ι∗ takes any G-scheme X to the fixed point
subscheme XG. Recall that XG is smooth. We get the following result.
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Proposition 7.4. The morphism of sites ι : SmGk,Nis → Smk,Nis induces a pair of
adjoint functors
ι∗ : HoA1(k)
//
HoGA1(k) : Rι∗.oo
The functor ι∗ is a full and faithful embedding of the motivic homotopy category of
smooth schemes into the equivariant motivic homotopy category.
7.2. Change of base field. Suppose now that k →֒ k′ is an extension of fields and
set G′ = G ×
Spec (k)
Spec (k′). Notice that G′ is identified with G if the latter is a finite
constant group scheme over k. The base change functor f−1 : SmGk → Sm
G′
k′ is
defined by X 7→ X ×
Spec (k)
Spec (k′). It is clear that f−1 preserves distinguished eN -
squares. Thus Corollary 3.11 shows that the site map f : SchG
′
k′/Nis → Sch
G
k/Nis
is continuous. Since f−1 clearly commutes with fiber products, it follows from
Corollary 3.13 and Proposition 2.6 that f is a morphism of sites.
Proposition 7.5. Given an extension of fields k →֒ k′, the base change functor
f−1 induces a morphism of sites f : SmG
′
k′/Nis → Sm
G
k/Nis. This yields an adjoint
pair of functors
Lf ∗ : HoGA1(k)
//
HoG
′
A1(k
′) : Rf∗.oo
If k →֒ k′ is a finite separable extension, then f ∗ has a left adjoint f# :M
G′
k′ →
MGk which takes any U ∈ Sm
G′
k′ to itself, viewed as a G-scheme over k. This
functor preserves motivic weak equivalences and f ∗ preserves A1-local motivic G-
spaces. There is an adjoint pair of functors
Lf# : Ho
G′
A1(k
′)
//
HoGA1(k) : Lf
∗.oo
8. Local eN-linearization of G-schemes
The homotopy purity theorem (see [24, Theorem 3.2.23]) is one of the most
important tools in A1-homotopy theory, e.g., in the construction of Gysin long
exact sequences and for Poincare´ duality in its most concise form. Our goal in
this and the following section is to establish the purity theorem for G-schemes
when G is a finite cyclic group of prime order. This theorem turns out to have
many applications in the equivariant motivic stable homotopy category. As part
of proving the purity theorem, we first establish a local equivariant linearization
of smooth G-schemes in the Zariski topology.
8.1. eN-linearization near a fixed point. We shall assume throughout this
section that G is a finite constant group scheme over k of order prime to the
characteristic of k. This is mainly to ensure that G is linearly reductive. A (finite)
G-module will mean a (finite-dimensional) rational representation of G. We begin
with the following elementary result about G-modules.
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Lemma 8.1. Consider a commutative diagram of G-modules
(8.1) 0 // M1 //
u1

M
v
//
u

M2 //
u2

0
0 // N1 // N
v′
// N2 // 0
in which the rows are exact and the vertical maps are surjective. Assume that
N is a finite G-module. Then there exists a finite G-submodule M ′ ⊆ M and
commutative diagram of finite G-modules
(8.2) 0 // M ′1
//
u′1

M ′ //
u′

M ′2
//
u′2

0
0 // N1 // N // N2 // 0
with exact rows such that the vertical maps are the restriction of the vertical maps
of (8.1) to G-submodules. Moreover, they are all isomorphisms.
Proof. This is an application of the fact that G is linearly reductive. We give a
sketch of the proof. Since N is a finite G-module, so are N1 and N2. Hence, we
can first find a finite-dimensional k-linear subspace V ⊆ M such that u(V ) = N .
We can then find inclusions of linear subspaces V ⊆ V ′ ⊆ M such that V ′ is a
finite G-submodule and u(V ′) = N . Set L = ker(V ′ ։ N).
Since G is linearly reductive, its representation theory tells us that there is a
decomposition N = N1⊕N
′
2 of finite G-modules such thatN
′
2 is mapped isomorphi-
cally onto N2. Similarly, there is a direct sum decomposition of finite G-modules
V ′ = L⊕N ′ such that N ′ is mapped isomorphically onto N via u.
We now set M ′ = N ′, M ′2 = v (u
−1(N ′2) ∩M
′) and M ′1 = Ker(M
′
։ M ′2). It is
easy to check that we get a diagram as required in (8.2). 
Given a smooth scheme X and a closed point x ∈ X , let TxX denote the tangent
space of X at x. Notice that if X ∈ SmGk and if x ∈ X
G, then G naturally acts
k(x)-linearly on TxX . For an affine scheme X , its ring of regular functions will be
denoted by k[X ].
Lemma 8.2. Let X ∈ SmGk be an affine scheme and let Z ( X be a smooth
G-invariant closed subscheme. Let x ∈ Z be a k-rational point such that x ∈ XG.
Then there is a G-invariant affine neighborhood U ⊆ X of x and a G-equivariant
e´tale map f : U → TxX such that f
−1(TxZ) = Z ∩ U .
Proof. Let mX ( k[X ] denote the maximal ideal defining the closed point x. Since
x ∈ XG, we see that mX (and all its powers) acquires natural G-action coming
from the G-action on k[X ] and the surjection u : mX ։ mX/m
2
X = (TxX)
∗ is an
H-equivariant k-linear map. Let I ( k[X ] denote the ideal defining the closed
subscheme Z. Then I is also G-invariant under G-action on k[X ]. Thus we get a
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commutative diagram of G-modules and G-linear maps:
(8.3) 0 // I //

mX
//

mZ
//

0
0 // I
I∩m2X
// mX
m
2
X
// mZ
m
2
Z
// 0
in which the rows are exact, the vertical maps are surjective and the bottom row
consists of finite G-modules.
We can now apply Lemma 8.1 to get a commutative diagram of exact sequences
of finite G-modules:
(8.4) 0 // M(X,Z)
u(X,Z)

// MX //
uX

MZ //
uZ

0
0 // (NxZ)
∗ // (TxX)
∗ // (TxZ)
∗ // 0
such that the vertical maps are all isomorphisms, Here NxZ denotes the normal
space of Z →֒ X at x. Moreover, the top row is a sequence of G-submodules of
the top row of (8.3). Notice also that as part of the proof of Lemma 8.1, we have
shown that there is a k-basis of MX which maps onto the k-bases of MZ as well as
(TxX)
∗.
Using these bases, we can now construct a commutative diagram of exact se-
quences of finite G-modules:
(8.5) 0 // (NxZ)
∗ //
u−1
(X,Z) ≃

(TxX)
∗ //
u−1X ≃

(TxZ)
∗ //
u−1Z≃

0
0 // M(X,Z) // MX // MZ // 0
such that the vertical maps are isomorphisms.
The maps u−1X and u
−1
Z induce the corresponding G-equivariant maps of the
associated symmetric algebras over k (recall that x ∈ X(k)) and composing these
maps of symmetric algebras with inclusions Sym∗(MX) →֒ k[X ] and Sym
∗(MZ) →֒
k[Z], we get a commutative diagram of G-equivariant morphisms
(8.6) Sym∗k((TxX)
∗) // //
u−1X

Sym∗k((TxZ)
∗)
u−1Z

k[X ] // // k[Z].
To check that the kernel of the top row maps onto the ideal I locally at the closed
point x, we just have to observe from (8.3) that (NxZ)
∗ is nothing but I/(I ∩m2X)
and it maps to the ideal of Z near x via u−1X .
It is easy to check from the local criterion of flatness that u−1X is flat near x.
Furthermore, u−1X clearly induces an isomorphism of the tangent spaces at mX and
u−1X (mX). If we set f to be the morphism f : X → TxX defined by u
−1
X , we see
that f is an G-equivariant morphism which is e´tale at x and f−1(TxZ) = Z near
x. We conclude that there is an affine neighborhood U ′ ⊆ X of x such that the
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restriction fU ′ on U
′ is e´tale and f−1U ′ (TxZ) = Z ∩ U
′. Finally, using the fact that
x ∈ XG, we set U = ∩
g∈G
gU ′ and conclude that U ⊆ X is a G-invariant affine
neighborhood of x and there is a G-equivariant e´tale map f : U → TxX such that
f−1(TxZ) = Z ∩ U . The proof of the lemma is now complete. 
Proposition 8.3. Let G be a finite cyclic group of prime order p which is different
from the characteristic of k. Let Z →֒ X be a closed immersion in SmGk and x ∈ Z
a k-rational point. Then, there is a G-invariant affine neighborhood U of x, a G-
representation V with G-submodule ZV and a G-equivariant e´tale map f : U → V
such that f−1(ZV ) = Z ∩ U .
Proof. Let XG denote the closed subscheme of fixed points for the G-action on
X . We first assume that x /∈ XG. Since X \ XG is G-invariant, we can assume
that XG = ∅. Since G is a cyclic group of prime order, it acts freely on X .
In particular, the quotient map π : X → X/G is finite e´tale of degree p. Set
X ′ = X/G and Z ′ = Z/G. Then we see that p is a (G-equivariant) finite e´tale
map with π−1(Z ′) = Z.
Since (X ′, Z ′) is a closed immersion of smooth schemes over k, we know that
there is an affine neighborhood U ′ of x′ = π(x) in X ′ and an e´tale map f ′ : U → Adk
such that f ′−1(Ack × {0}) = Z
′ for some 1 ≤ c ≤ d. Setting f = f ′ ◦ π and U =
π−1(U ′), we conclude that U is a G-invariant affine neighborhood of x. Moreover,
there is a G-equivariant e´tale map f : U → Adk (with respect to the trivial action
on Adk) such that f
−1(Ack × {0}) = Z ∩ U .
We next suppose that x ∈ XG. Let U ′ be an affine neighborhood of x in X .
Since Gx = G, we see that Sx = G. In particular, U = ∩
g∈G
gU ′ is a G-invariant
affine neighborhood of x. We can thus assume that X is affine. It follows now
from Lemma 8.2 that there is a G-invariant affine neighborhood U of x in X and
a G-equivariant e´tale map f : U → TxX such that f
−1(TxZ) = Z ∩ U . Moreover,
as p 6= char(k), there is a G-equivariant decomposition TxX = TxZ ×NxX . 
Definition 8.4. Given a closed immersion Z →֒ X in SmGk , an eN -linearization
of the pair (X,Z) is a pair (p, q) of maps in SmGk given by
(8.7) (X,Z)
p
←− (U,Z)
q
−→ (NZ/X , Z)
such that p and q are both distinguished eN -neighborhoods. We shall say that
(X,Z) admits an eN -linearization if the pair (p, q) as in (8.7) exists.
Proposition 8.5. Let G be a finite cyclic group of prime order p which is different
from the characteristic of k. Let Z →֒ X be a closed immersion in SmGk and x ∈ Z
a k-rational point. Then, there is a G-invariant affine neighborhood U of x such
that the pair (W,w−1(Z ∩ U)) admits an eN-linearization for any G-equivariant
e´tale map w : W → U .
Proof. Given any map W → X , we set ZW = Z×
X
W . We choose a G-invariant
affine neighborhood U of x, and a G-equivariant e´tale map f : U → V as in
Proposition 8.3. Let fZ : ZU → ZV denote the restriction of f to Z.
Since p 6= char(k), there is a G-equivariant decomposition V = ZV × NZ/V .
Let j : NZ/V →֒ V be the inclusion map and let f
′ : ZU × NZ/V → V be the
34 AMALENDU KRISHNA, PAUL ARNE ØSTVÆR
G-equivariant map fZ × j. We now consider a commutative diagram in Sm
G
k :
(8.8) ZU
i˜

✻✻
✻✻
✻✻
i
##
i′

U˜
q
//
p

ZU ×NZ/V
f ′

U
f
// V
in which U˜ is defined so that the square is Cartesian and i′ is the zero sectionin-
clusion. Notice that U˜ is smooth since (f and hence) q is e´tale.
It is easy to check that (f ′◦q)−1(ZV ) is theG-invariant closed subscheme ZU×
V
ZU .
Since ZU → ZV (obtained by the restriction of f) is e´tale by Proposition 8.3, we
see that this closed subscheme is a disjoint union of diagonal ∆ZU : ZU →֒ ZU×
V
ZU
and a G-invariant closed subscheme Y . In particular, Y is a G-invariant closed
subscheme of U˜ . Setting Û = U˜\Y , we getG-equivariant e´tale maps p : Û → U and
q : Û → V and one checks from the construction that p−1(ZU) = q
−1(ZV ) = i˜(ZU).
If w :W → U is a G-equivariant e´tale map, then we have NZW /W ≃ ZW ×
ZU
NZU/U .
Let wZ : NZW /W → NZV /V ≃ V denote the projection map. This yields an
analogous commutative diagram:
(8.9) ZW
i˜

❁❁
❁❁
❁❁
❁
i
$$
i′

W˜
q
//
p

NZW /W
f ′◦wZ

W
f◦w
// V
where the lower square is Cartesian. We now repeat the above construction for
f : U → V verbatim to get G-equivariant e´tale maps p : Ŵ → W and q : Ŵ →
NZW /W and one checks from the construction that p
−1(ZW ) = q
−1(ZW ) = i˜(ZW ),
where ZW ⊂ NZW /W is the zero-section. 
9. The equivariant homotopy purity and blow-up theorems
The equivariant Thom space of a G-equivariant vector bundle V → X in SmGk
is the pointed motivic G-space V/(V \X), where X →֒ V is the zero section. We
prove the following purity theorem for normal bundles.
Theorem 9.1. Let k be an algebraically closed field and let G be a finite cyclic
group of prime order p which is different from the characteristic of k. Let Z →֒ X
be a closed immersion in SmGk . Then there is a canonical isomorphism in Ho
G
A1,•(k)
of pointed motivic G-spaces
X/(X \ Z) ≃ Th(NZ/X).
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The proof combines our results on eN -linearizations with the ideas from the
non-equivariant set-up in [24].
9.1. Purity for vector bundles. Let k be any field and G any finite group. Let
Z →֒ X be a closed immersion in SmGk . Consider A
1
k with trivial G-action and
let B(X,Z) denote the blow-up of X×A1 along the G-invariant closed subscheme
Z×{0}. It is straightforward to check that B(X,Z) ∈ SmGk and the blow-up map
f : B(X,Z) → X × A1 is G-equivariant. Furthermore, it is standard that there
are inclusions of closed pairs in SmGk
(9.1) (X,Z)
i1−→ (B(X,Z), Z × A1)
i0←− (P(NZ/X × A
1), Z),
where the inclusion in the last pair is the composition Z →֒ NZ/X = P(NZ/X ×
A1) \ P(NZ/X). Using the isomorphism Th(NZ/X) ≃
P(NZ/X×A
1)
P(NZ/X×A1)\Z
(see [24, Propo-
sition 3.2.17]), we get the monomorphisms of pointed motivic G-spaces
(9.2) αX,Z :
X
X \ Z
→
B(X,Z)
B(X,Z) \ (Z × A1)
;
βX,Z : Th(NZ/X)→
B(X,Z)
B(X,Z) \ (Z × A1)
.
Lemma 9.2. Let p : V → Z be a G-equivariant vector bundle in SmGk and let
i : Z →֒ V be the zero section. Then the maps αV,Z and βV,Z are motivic weak
equivalences.
Proof. We first recall that there is a natural map λZ : B(V, Z) → P(V × A
1) in
SmGk which is the relative line bundle O(1). Moreover, one has λ
−1
Z (P(V × A
1) \
Z) = B(V, Z) \ (Z × A1), where Z →֒ P(V × A1) is the inclusion Z
i
→֒ V =
P(V × A1) \ P(V ). In particular, these maps are motivic weak equivalences by
Proposition 5.4. We conclude that the map
q :
B(V, Z)
B(V, Z) \ (Z × A1)
→
P(V × A1)
P(V × A1) \ Z
is a motivic weak equivalence. On the other hand, the composite q ◦ αV,Z is a
canonical isomorphism of pointed motivic G-spaces (see [24, Proposition 3.2.17]).
We conclude that αV,Z is a motivic weak equivalence.
On the other hand, the composition of the projection λZ with the inclusion
V
i0−→ B(V, Z) is the canonical open inclusion V →֒ P(V × A1). Since
(9.3) V \ Z //

V

P(V × A1) \ Z // P(V × A1)
is a distinguished eN -square, it follows that the composition
V
V \ Z
βV,Z
−−→
B(V, Z)
B(V, Z) \ (Z × A1)
q
−→
P(V × A1)
P(V × A1) \ Z
is a local weak equivalence. Since q is a motivic weak equivalence, we conclude
that βV,Z is a motivic weak equivalence. 
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9.2. Purity in general. Let (X,Z) be a closed pair in SmGk as in Theorem 9.1. It
follows from Proposition 8.5 that for every x ∈ Z, there exists a G-invariant affine
neighborhood U of x such that the pair (U,Z ∩ U) admits an eN -linearization.
Since X is noetherian, there exists a finite set {U1, · · · , Ur} of G-invariant affine
open subsets of X such that X =
r
∪
i=1
Ui and each pair (Ui, Z ∩ Ui) admits an
eN -linearization.
Set U =
r∐
i=1
Ui and ZU =
r∐
i=1
(Z ∩ Ui). Then (U,ZU) is a pair of objects in the
category ShvG
Smk
and there is a canonical map of sheaves u : (U,ZU)→ (X,Z).
Let U (resp. ZU) denote the simplicial sheaf on Sm
G
Nis/k whose term at level n
is the (n + 1)-fold product U×
X
· · ·×
X
U (resp. ZU×
Z
· · ·×
Z
ZU). This yields a pair of
motivic G-spaces (U ,ZU) and a map of pairs of motivic G-spaces f : (U ,ZU) →
(X,Z). Setting UnX to be the (n + 1)-fold product U×
X
· · ·×
X
U , we see that UnX is
the coproduct of smooth G-schemes each of which is a fiber product (over X) of
n+ 1 components of U . Set U \ ZU = u
−1(X \ Z).
Let B denote the motivicG-space obtained by applying the B(X,Z) construction
levelwise to the inclusion ZU →֒ U (see [24, p. 117]). Observe here that this
inclusion is the coproduct of closed embeddings of smooth G-schemes at each
level. Moreover, we have B(X \Z, ∅) ≃ (X \Z)×A1 and Th(N∅/(X\Z)) = Spec (k)
(as a pointed motivic G-space). Let Th(NZU/U) denote the motivic G-space which
is obtained by applying the levelwise Thom space construction for the inclusion
ZU →֒ NZU/U . This makes sense because ZU →֒ NZU/U is the coproduct of 0-
section embeddings of equivariant vector bundles over smooth G-schemes at each
level. We obtain a commutative diagram of pointed motivic G-spaces
(9.4) U
U\ZU
//

B
B\(ZU×A1)

Th(NZU/U)

oo
X
X\Z
// B(X,Z)
B(X,Z)\(Z×A1)
Th(NZ/X).oo
Lemma 9.3. The vertical arrows in (9.4) are local weak equivalences in the eN-
topology.
Proof. It suffices to show that the left vertical arrow is a local weak equivalence as
the same argument shows this weak equivalence for the other two vertical arrows.
We first claim that the map of sheaves U → X is an epimorphism in the eN -
topology. Using Proposition 3.14, it suffices to show that for any Y ∈ SchGk and
a point y ∈ Y , the map U(Y hGy) → X(Y
h
Gy) is surjective. So let v : Y
h
Gy → X be
a G-equivariant morphism where Y hGy is the henselization of a G-scheme Y along
the G-orbit Gy. By our construction of U , there is a component Ux of the scheme
U such that u : (Ux, Gx)→ (X,Gx) is an affine (Zariski) neighborhood of Gx. In
particular, the map (Ux)
h
Gx
u
−→ XhGx is a G-equivariant isomorphism of semi-local
G-schemes.
Now, the map v induces a G-equivariant map Y hGy → X
h
Gx which takes Gy onto
Gx. Since u is a G-equivariant isomorphism, we immediately get a G-equivariant
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morphism w : Y hGy → (Ux)
h
Gx such that v = u◦w. Composing w with the canonical
maps (Ux)
h
Gx → Ux →֒ U , we get a map Y
h
Gx → U which factors v. This proves the
claim.
Since the eN -topology on SmGk admits a conservative family of points by Propo-
sition 3.14, we can use the above claim and [24, Lemma 2.1.15] to conclude that
the map U → X is a local weak equivalence. For the same reason, the map
U \ZU → X \Z is a local weak equivalence. We conclude from [24, Lemma 2.2.11]
that also U
U\ZU
→ X
X\Z
is a local weak equivalence. 
Proof of Theorem 9.1: It suffices to show that the maps αX,Z and βX,Z are mo-
tivic weak equivalences. By Lemma 9.3, this is equivalent to showing that the top
horizontal maps in (9.4) are motivic weak equivalences. By [24, Proposition 2.2.14],
it suffices to show that the top horizontal maps of simplicial sheaves in (9.4) are
motivic weak equivalences at each level n ≥ 0.
The top horizontal maps in (9.4) are isomorphisms for X \ Z and all its G-
invariant open subsets. Thus we are left with showing that the top horizontal
maps in (9.4) are motivic weak equivalences for closed pairs of the form (Ux, ZUx)
and (W,ψ−1(ZUx)), where ψ : W → Ux is a G-equivariant e´tale map. By Propo-
sition 8.5, we are reduced to proving the theorem under the assumption that the
closed pair (X,Z) admits an eN -linearization.
So let (X,Z)
p
←− (U,Z)
q
−→ (NZ/X , Z) be an eN -linearization of (X,Z) and
consider the commutative diagram
(9.5) U
U\ZU
//

B(U,ZU )
B(U,ZU )\(ZU×A1)

Th(NZU/U)

oo
X
X\Z
// B(X,Z)
B(X,Z)\(Z×A1)
Th(NZ/X).oo
The vertical arrows in (9.5) are local weak equivalences by our definition of local
weak equivalence in the eN -topology. Hence, the top horizontal maps are motivic
weak equivalences if and only if so are the bottom horizontal maps.
If we apply this argument for (NZ/X , Z) in place of (X,Z), it follows from the
local weak equivalence U
U\ZU
≃
−→ Th(NZ/X) and Lemma 9.2 that the top horizontal
maps in (9.5) are motivic weak equivalences. We conclude that the maps αX,Z and
βX,Z are motivic weak equivalences. 
Using the same line of proof as for Theorem 9.1 verbatim, we obtain the following
result for equivariant blow-ups.
Theorem 9.4. Let k be an algebraically closed field and let G be a finite cyclic
group of prime order p which is different from the characteristic of k. Let Z →֒ X
be a closed immersion in SmGk with complement U = X \ Z. Let p : X
′ → X
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denote the blow-up of X along Z. Then the square
(9.6) p−1(Z) //

X ′/U

Z // X/U
is homotopy cocartesian for the motivic (injective) model structure on MGk . In
other words, the map X ′/U
∐
p−1(Z)
Z → X/U is a motivic weak equivalence.
10. eN-descent and unstable representability for equivariant
K-theory
In this section, we establish Nisnevich descent for equivariant K-theory for k-
schemes (not necessarily smooth). It follows that equivariant K-theory of smooth
schemes is represented by an object in the equivariant motivic homotopy cate-
gory. As an application, we characterize all equivariantly contractible smooth
affine curves with a group action, and moreover all equivariant vector bundles on
such curves.
10.1. The equivariant K-theory presheaf on SmGk . Quillen’s Q-construction
associates to an exact category E with a chosen zero object {0}, the category QE
whose objects are same as those of E but the morphisms between two objects M ′
and M ′′ are diagrams M ′ ← N → M ′′, where the first arrow is an admissible
epimorphism and the second arrow is an admissible monomorphism. Taking the
classifying space of QE , one obtains a simplicial space BQE and the K-theory
space of E is defined as
(10.1) K(E) = ΩBQE .
Alternate approaches include the S•-construction of Waldhausen [35] and the G-
construction of Gillet-Grayson [9]. An advantage of the G-construction is that the
resulting simplicial space GE defining K-theory is homotopy equivalent to ΩBQE .
Let G be a smooth affine group scheme over k. If EX is the exact category
of G-equivariant vector bundles on any X ∈ SchGk , there is a simplicial set GEX
homotopy equivalent to ΩBQEX . With either of these approaches, algebraic K-
theory is only a pseudo-presheaf of simplicial sets (or spectra) on the category of
G-schemes, and not an honest simplicial presheaf. This is remedied by rectification
of pseudo-functors as in e.g., [28], [19]. The equivariant K-groups of X are given
by KGi (X) = πi (GEX) for i ≥ 0.
We apply the rectification procedure to the pseudo-functor on SchGk which takes
a G-scheme X to the exact symmetric monoidal category PG(X) of G-equivariant
vector bundles. Using [28, Lemma 3.2.6] and the rectification procedure as ex-
plained in [19, Chapter 5, page 179], this process yields the following equivariantK-
theory presheaf on SchGk , and hence on Sm
G
k via the full embedding Sm
G
k →֒ Sch
G
k .
Proposition 10.1. There is a presheaf of pointed simplicial sets KG on SchGk with
a monoidal structure
KG ×KG
∧
→ KG
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such that for every X ∈ SchGk and i ≥ 0, there is a canonical isomorphism
πi(K
G(X))
∼=
−→ KGi (X).
10.2. Nisnevich descent theorems for equivariant K-theory. We refer to
Theorem 4.8 for the eN -local injective model structures on SchGk and Sm
G
k . The
descent problem amounts to the following in our setting.
Definition 10.2. A simplicial presheaf F on SchGk or Sm
G
k satisfies eN -descent
if every fibrant replacement F → ExF in the eN -local injective model structure
is an objectwise weak equivalence.
We shall say that a scheme X ∈ SchGk is locally G-affine if every point in X has a
G-invariant affine neighborhood. Observe that all quasi-projective G-schemes are
locally G-affine if G is finite. Moreover, all locally G-affine schemes admit good
quotients for the G-action. We denote the category of locally G-affine schemes by
SchGk,lAff.
Proposition 10.3. Let f : Y → X be a G-equivariant e´tale morphism in SchGk
such that one of the following holds.
(1) X and Y are locally G-affine and G is finite with (char(k), |G|) = 1.
(2) X and Y are smooth.
Suppose there is a Cartesian square in SmGk
W //

Y
f

U
j
// X
where j is an open immersion such that the map f is an isomorphism over the
complement of U (with the reduced structures). Then the diagram of simplicial
sets
KG(X) //

KG(Y )

KG(U) // KG(W )
is homotopy Cartesian.
Proof. If we are in the case (1) of the theorem, then our assumption implies that
[Y/G] → [X/G] is a representable morphism of tame Deligne-Mumford stacks
which admit coarse moduli schemes. Hence the theorem follows from [21, Corol-
lary 3.8].
Suppose now that we are in case (2). We then have a commutative diagram of
fibration sequences (see [30]):
(10.2) GG(X \ U) //

KG(X) //

KG(U)

GG(Y \W ) // KG(Y ) // KG(W )
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where GG(X) denotes the K-theory of the exact category of the equivariant coher-
ent sheaves on a G-scheme X . Our hypothesis implies that the left vertical arrow
is a weak equivalence. The theorem now follows. 
The following are the main results of this section.
Theorem 10.4. Let G be a smooth affine group scheme over k. The simplicial
presheaf KG satisfies eN-descent on SmGk .
If G is finite with (char(k), |G|) = 1, then KG satisfies eN-descent on SchGk,lAff.
Proof. Let KG → ExKG be a fibrant replacement in the local injective model
structure on the simplicial presheaves on SchGk (or Sm
G
k ). We have to show that
this is a schemewise weak equivalence. By Proposition 4.11, we only have to
show that KG is flasque. We remark here that even though this proposition is
stated for smooth schemes, it is valid (with same proof) for all G-schemes (see [34,
Lemma 3.5]). Using Proposition 10.1 and [15, Proposition 13.3.13], it is enough
to show that KG takes a distinguished eN -square (3.3) to a homotopy Cartesian
square. This follows directly from Proposition 10.3. 
Theorem 10.5. Let k be any field and G a smooth affine group scheme over k.
For any X ∈ SmGk and i ≥ 0, there is a canonical isomorphism
KGi (X)
≃
−→ HomHoG
A1,•
(k)
(
Sis ∧X+,K
G
)
.
Proof. Let KG → ExKG be a fibrant replacement of KG in the motivic injective
model structure on MGk,•. The homotopy invariance property of equivariant K-
theory for smooth G-schemes implies that the motivic G-space KG is A1-weak
invariant (see Definition 5.1). Combining this with Proposition 10.3, we deduce
that KG is A1-flasque (see § 5.1.1). We conclude from Theorem 5.3 that the map
KG → ExKG is a schemewise weak equivalence.
We now apply Proposition 6.5 to get a canonical isomorphism
HomHoG
A1,•
(k)
(
Sis ∧X+,K
G
) ≃
−→ HomHoG
A1,•
(k)
(
Sis ∧X+,ExK
G
)
≃
−→ [Sis,ExK
G(X)]
≃
−→ πi
(
ExKG(X)
)
≃
←− πi
(
KG(X)
)
= KGi (X).
This completes the proof of the theorem. 
10.3. Algebraic analogue of Segal’s theorem. Recall that if G is a topological
group, two G-equivariant continuous maps φ0, φ1 : X → Y between topological
G-spaces are called G-homotopic if there exists a continuous G-equivariant map
H : X × [0, 1] → Y (with trivial G-action on [0, 1]) such that H ◦ ij = φj for
ij : {j} →֒ [0, 1], j = 0, 1.
It was shown by Segal in [26, Proposition 2.3] that G-homotopic maps induce
the same maps on equivariant topological K-theory. As an application of Theo-
rem 10.5, we prove the following algebraic analogue of Segal’s theorem.
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Corollary 10.6. Let G be a smooth affine group scheme over a field k, and φ0, φ1 :
X → Y equivariantly A1-homotopic maps in SmGk (see § 5.2). Then φ
∗
0 = φ
∗
1 :
KG∗ (Y )→ K
G
∗ (X).
Proof. It is enough to consider the case when φ0 and φ1 are elementary A
1-
homotopic. Let i0, i1 : Spec (k) → A
1 be the two inclusions with i0(pt) = 0
and i1(pt) = 1. It suffices to show that i
∗
0 = i
∗
1 : K
G
∗ (X × A
1)→ KG∗ (X).
Let p : X × A1 → X denote the projection map. It follows from Theorem 10.5
that p∗ : KG∗ (X) → K
G
∗ (X × A
1) is an isomorphism. Hence, it suffices to show
that (p ◦ i0)
∗ = (p ◦ i1)
∗ : KG∗ (X) → K
G
∗ (X). Both these maps equal the identity
on KG∗ (X). 
10.4. Equivariantly contractible affine curves. We shall say that a motivic
G-space X is equivariantly A1-contractible if the map X → pt is a motivic weak
equivalence. A G-equivariant vector bundle V on X ∈ SmGk is called trivial if there
is a G-representation V such that V = V×
k
X .
As an application of Theorem 10.5, we prove the following desired geometric
result on equivariant vector bundles.
Theorem 10.7. Let k be an infinite field and let G = 〈σ〉 be a finite cyclic group of
order prime to the characteristic of k such that µ|G| ⊂ k. Let X be a smooth affine
curve over k with G-action. Then X is equivariantly A1-contractible if and only if
it is isomorphic to an 1-dimensional linear representation of G. In particular, all
G-equivariant vector bundles on X are trivial if X is equivariantly A1-contractible.
Proof. The assertion that a finite-dimensional representation of G is equivariantly
A1-contractible, follows immediately from Proposition 5.4. Below we prove the
more difficult converse statement.
Suppose that X is equivariantly A1-contractible. Since the action of G on a
smooth scheme is linearizable, we can assume that there is smooth projective curve
X ∈ SmGk and an open immersion j : X →֒ X in Sm
G
k . Let f : X → Spec (k) be
the structure map.
Claim 1: The curve X is rational.
Proof of claim 1: Consider the commutative diagram
(10.3) KGi (k) ⊗
R(G)
Z
f∗

f ik
// Ki(k)
f∗

KGi (X) ⊗
R(G)
Z
f iX
// Ki(X)
with forgetful horizontal maps from equivariant to ordinary K-theory. Theo-
rem 10.5 shows the left vertical arrow is an isomorphism for all i ≥ 0. The top
horizontal arrow is an isomorphism for all i ≥ 0 by [29, Lemma 5.6]. Applying
these facts for i = 0, we see that the composite map
KG0 (X) ⊗
R(G)
Z→ K0(X)→ Z
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is an isomorphism. On the other hand, the first map is surjective over Z[1/|G|] by
[32, Theorem 1]. It follows that Pic(X) is a torsion group of exponent |G|, which
happens if and only if X is rational. This proves the claim.
Claim 2: X is isomorphic (not necessarily equivariantly) to A1.
Proof of claim 2: Claim 1 implies that X ≃ P1k. Inserting i = 1 in (10.3) shows
the composite map
KG1 (X) ⊗
R(G)
Z
f1X−→ K1(X)։ O
×(X)
is just the inclusion k× →֒ O×(X). On the other hand, f 1X is surjective over
Z[1/|G|] by [32, Theorem 1]. It follows that k×[1/|G|] ≃ O×(X)[1/|G|], which
happens if and only if X ≃ A1 as an open subscheme of P1k.
By the above claims X is the affine line with G = 〈σ〉-action σ(x) = ax + b for
some fixed a, b ∈ k with a|G| = 1. If b 6= 0, then σ acts on A1 without fixed points.
This means that the identity map of A1 gives an element of [A1,A1]G,A1 which
can not be equivariantly contracted to any fixed point. In particular, πG,A
1
0 (X) is
not constant and hence X → Spec (k) is not a motivic weak equivalence, which
contradicts our assumption. We conclude that b = 0 and G acts linearly on A1.
Finally, the claim about the triviality of all G-equivariant vector bundles on X
follows from the above combined with [6] and [23, Theorem 1]. 
Example 10.8. Theorem 10.7 shows that equivariant A1-contractibility is a strictly
stronger condition than ordinary A1-contractibility, as one would expect. As an
example, let the cyclic group of order two G = 〈σ〉 act on A1 by σ(x) = 1−x. This
action is fixed point free and hence not isomorphic to a G-representation. Thus
A1 with this action is not equivariantly A1-contractible.
Remark 10.9. One can ask whether the assertion of Theorem 10.7 is true in higher
dimensions as well. This seems to be a very difficult question. We do not know the
answer even when G is trivial and X is a surface. That is, it is unknown whether
an A1-contractible smooth affine surface is isomorphic to the affine plane. It is
known, however, that such surfaces do not admit any non-trivial vector bundle.
Acknowledgments. The first version of this paper was written when AK was visiting
the Department of Mathematics at University of Oslo in the summer of 2011. He
thanks the department for the invitation and support. PAØ thanks David Gepner
and Jeremiah Heller for discussions on subjects related to this paper. The authors
thank Aravind Asok and Ben Williams for inspiration and helpful comments on
an earlier version of this paper.
References
[1] M. Artin, A. Grothendieck, J-L. Verdier, The´orie des topos et cohomologie de e´tale des
sche´mas, Tome 1: The´orie des topos, Springer-Verlag, 269, (1972).
[2] J. Ayoub, Les six ope´rations de Grothendieck et le formalisme des cycles e´vanescents dans
le monde motivique. I, Aste´risque 314, 2007.
[3] B. Blander, Local projective model structures on simplicial presheaves, K-Theory, 24,
(2001), 283-301.
MOTIVIC HOMOTOPY OF GROUP SCHEME ACTIONS 43
[4] F. Borceux, Handbook of categorical algebra 2 , Encyclopedia of Mathematics and its appli-
cations, Cambridge University press, Cambridge, 51, (1994).
[5] G. Carlsson, R. Joshua, Equivariant motivic homotopy theory. Preprint, (2013).
[6] D. Castella, Trivialite des fibres vectoriels equivariants pour les groupes abeliens finis, Adv.
Math., 151, (2000), 36-44
[7] P. Deligne, Voevodsky’s lectures on motivic cohomology 2001/2001 , In Algebraic topology ,
Abel Symp., 4, (2009), 355-409. Springer, Berlin.
[8] B. Dundas, O. Ro¨ndings, P. A. Østvær, Motivic functors, Documenta Math., 8, (2003),
489-525.
[9] H. Gillet, D. Grayson, The loop space of the Q-construction, Illinois J. Math., 31, (1987),
574-597.
[10] P. G. Goerss, J. F. Jardine, Simplicial homotopy theory , Progress in Mathematics, 174,
(1999), Birkha¨user, Basel.
[11] J. P. C. Greenlees, Rational S1-equivariant stable homotopy theory , Mem. Amer. Math.
Soc., 138, (1999), AMS.
[12] A. Heller, Homotopy theories, Mem. Amer. Math. Soc., 71, (1988), AMS.
[13] J. Heller, M. Voineagu, P. A. Østvær, Equivariant cycles and cancellation for motivic coho-
mology, arXiv:1304.5867, (2013).
[14] P. Herrmann, Stable equivariant motivic homotopy theory and motivic Borel cohomology ,
Ph. D. thesis, Universita¨t Osnabru¨ck, (2012).
[15] P. Hirschhorn, Model categories and their localizations, Mathematical surveys and mono-
graph series, 99, Amer. Math. Soc., Providence, (2002).
[16] P. Hu, I. Kriz, K. Ormsby, The homotopy limit problem for Hermitian K-theory, equivariant
motivic homotopy theory and motivic real cobordism, Adv. Math., 228, no. 1, (2011), 434-
480.
[17] D. Isaksen, Flasque model structures for simplicial presheaves, K-Theory, 36, (2005), 371-
395.
[18] J. Jardine, Simplicial presheaves, Journal of Pure and Applied Algebra, 47, (1987), 35-87
[19] J. Jardine, Generalized E´tale cohomology theories, Progress in Math., Birkha¨user, 146,
(1997).
[20] A. Joyal, A letter to A. Grothendieck, 1984.
[21] A. Krishna, P. A. Østvær, Nisnevich descent for K-theory of Deligne-Mumford stacks, J.
K-Theory, 9, (2012), 291-331.
[22] Q. Liu, Algebraic Geometry and Arithmetic Curves, Oxford Graduate text in Mathematics,
6, (2002).
[23] M. Masuda, L. Moser-Jauslin, T. Petrie, The equivariant Serre problem for abelian groups,
Topology, 35, no. 2, (1996), 329-334.
[24] F. Morel, V. Voevodsky, A1-homotopy theory of schemes, Publ. Math. IHES, 90, (1999),
45-143.
[25] I. Panin, K. Pimenov, O. Ro¨ndigs, On Voevodsky’s algebraic K-theory spectrum, In Alge-
braic topology , Abel Symp., 4, (2009), p. 279-330. Springer, Berlin.
[26] G. Segal, Equivariant K-theory , Publ. Math. IHES, 34, (1968), 129-151.
[27] C. Serpe, Descent properties of equivariant K-theory , math.AG/1002.2565, (2010).
[28] R. Thomason, Homotopy colimits in the category of small categories, Math. Proc. Cambridge
Phil. soc., 85, (1979), no. 1, 91-109.
[29] R. Thomason, Lefschetz Riemann-Roch theorem and coherent trace formula, Invent. Math.,
85, no. 3, 515-543, (1986).
[30] R. Thomason, AlgebraicK-theory of group scheme actions, Algebraic topology and algebraic
K-theory, Ann. of Math. Stud., 113, (1987), 539-563.
[31] R. Thomason, Equivariant algebraic vs. topological K-homology Atiyah-Segal style, Duke
Math. J., 56, no. 3, (1988), 589-636.
[32] A. Vistoli, Higher equivariant K-theory for finite group actions, Duke Math. J., 63, (1991),
no. 2, 399-419.
44 AMALENDU KRISHNA, PAUL ARNE ØSTVÆR
[33] V. Voevodsky, Homotopy theory of simplicial sheaves in completely decomposed topology ,
J. Pure Appl. Algebra, 214, (2010), 1384-1398.
[34] V. Voevodsky, Unstable motivic homotopy categories in Nisnevich and cdh-topologies, J.
Pure Appl. Algebra, 214, (2010), 1399-1406.
[35] F. Waldhausen, Algebraic K-theory of spaces, Algebraic and geometric topology (New
Brunswick, N.J., 1983), Lecture Notes in Math., 1126, Springer, Berlin, (1985), 318-419.
[36] B. Williams, The intermediate equivariant Nisnevich topology , Personal notes.
School of Mathematics, Tata Institute of Fundamental Research,
Homi Bhabha Road, Colaba, Mumbai, India.
e-mail: amal@math.tifr.res.in
Department of Mathematics, University of Oslo, Norway.
e-mail: paularne@math.uio.no
